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Abstract: We study the high energy limit of a six-point i?-current correlator in M = 4 
supersymmetric Yang-Mills theory for finite _/V c . We make use of the framework of per- 
turbative resummation of large logarithms of the energy. More specifically, we apply the 
(extended) generalized leading logarithmic approximation. We find that the same con- 
formally invariant two-to-four gluon vertex occurs as in non-supersymmetric Yang-Mills 
theory. As a new feature we find a direct coupling of the four-gluon t-channel state to the 
i?-current impact factor. 
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1. Introduction 

The high energy limit of nonabelian gauge theories, in particular of QCD, has been ex- 
tensively studied in a variety of perturbative and nonperturbative approaches. In the 
groundbreaking work of [1, 2] the perturbative resummation of leading logarithms of the 
center-of-mass energy yfs was performed. The resulting leading logarithmic approximation 
(LLA) is encoded in the celebrated BFKL equation. It collects all perturbative terms of 
the order {a s log s) m in which the smallness of the strong coupling constant a s is compen- 
sated by large logarithms of the energy. For the scattering amplitude of 2 — ► 2 scattering 
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processes, this leading logarithmic approximation corresponds to resumming diagrams in 
which two interacting reggeized gluons are exchanged in the t-channel. This bound state 
of two gluons, the Pomeron, can hence be represented diagrammatically by a gluon ladder. 

Based on Gribov's work on the Reggeon calculus [3] it was immediately clear that, once 
such moving Regge singularities exist, the high energy behavior of nonabelian gauge theo- 
ries can be formulated in terms of an effective 2+1 dimensional field theory, called Reggeon 
field theory. It lives in the two transverse dimensions of the scattering process, and rapidity 
can be understood as a timelike parameter. Steps towards explicitly formulating this effec- 
tive high energy description include the generalization of the BFKL approximation to the 
evolution of n-gluon states, known as the BKP equations [4, 5], and a further generalization 
which encompasses number-changing processes during the t-channel evolution. The latter 
is known as the (extended) generalized leading logarithmic approximation, (E)GLLA, and 
will be described in some detail later in this paper. It has been used to derive a 2 — > 4 
gluon vertex that contains the triple Pomeron vertex [6, 7, 8], as well as a higher order 
2^6 gluon vertex function [9]. A systematic approach of deriving, for nonabelian gauge 
theories, the elements of Reggeon field theory, is the effective action developed in [10, 11], 
see [12]. Other approaches to the problem of understanding the high energy limit of QCD 
include the Wilson line operator expansion [13]- [16], the dipole picture of high energy scat- 
tering [17]- [20], and the color glass condensate approach, see for example [21]. In the limit 
N c — > oo the latter three approaches as well as the EGLLA all give rise to the same non- 
linear evolution equation, known as the BK equation [13, 22, 23]. All approaches mentioned 
here are of perturbative nature. A nonperturbative derivation of a Reggeon field theory 
from QCD still appears prohibitively difficult. 

Among the most remarkable features of Reggeon field theory for QCD are the con- 
formal invariance in the two-dimensional transverse coordinate space [24, 25, 26], and the 
integrability in the large- N c limit [27, 28, 29]. Both properties, so far, have been estab- 
lished only for the leading order of the resummation in the LLA and (E)GLLA. A full 
understanding of the fate of these symmetries in next-to-leading order is still missing. 

With the advent of the AdS/CFT correspondence, which relates the maximally super- 
symmetric nonabelian gauge theory in four dimensions, that is N = 4 super Yang-Mills the- 
ory (SYM) with gauge group SU(iV c ), to type IIB superstring theory on a five-dimensional 
AdS space [30, 31, 32], the natural question appears whether Reggeon field theory has a 
dual analog on the string (or supergravity) side. As a first step, one identifies scattering 
amplitudes or correlators which are defined on both sides of the correspondence: in QCD, 
a clean environment for studying the dynamics at high energies has been found in 7*7* 
scattering, i. e. in the four-point correlators of electromagnetic currents. In N = 4 SYM, 
it has been suggested [33] to consider, as a substitute for the U(l) current of electromag- 
netism, the i?-currents which result from the global SUr(4) i?-symmetry. One is thus led 
to investigate, in suitable high energy limits, correlators of i?-currents, both for Af = 4 
SYM and for the dual string theory. 

On the gauge theory side, existing QCD calculations provide a natural starting point 
for a systematic investigation of this correspondence. It is, however, clear that certain 
differences exist between (non-supersymmetric) QCD and N = 4 SYM, and one has to 
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study their consequences. For the high energy behavior of current correlators, it is the 
impact factors which are sensitive to supersymmetry: in QCD, the fermions (quarks) belong 
to the fundamental representation of the gauge group, whereas in N = 4 SYM all particles 
(gluons, Weyl fermions and scalars) are in the adjoint representation of the gauge group. 
On the other hand, since in quantum field theory the high energy behavior is dominated 
by the exchange of particles with the highest spin - that is the gluons in both theories - 
the leading logarithmic approximation in J\f = 4 SYM should be quite similar to QCD. 

As the very first step, the elastic scattering of two i?-currents in N = 4 SYM has 
been studied in [34]. Apart from the new impact factors, it has been verified that the 
high energy behavior is dominated by the familiar BFKL Pomeron. Turning to elements of 
Reggeon field theory beyond the BFKL two-gluon ladders, the effect of supersymmetry is 
expected to be more severe. As a theoretical environment for extracting the triple Pomeron 
vertex calculations on the QCD side have made use of six-point functions. This motivates, 
for the extension to J\f = 4 SYM, to investigate six-point correlators of i?-currents. It 
is the purpose of the present paper to study the high energy behavior of such i?-current 
correlators in the extended generalized leading logarithmic approximation. As a result 
we will find that N = 4 SYM provides a new element in Reggeon field theory which is 
not present in non-super symmetric QCD. On the other hand, the triple Pomeron vertex 
remains the same as in QCD. We emphasize that throughout this paper we keep N c finite, 
and we only briefly comment on the large- N c limit at the end. 

Parallel to this investigation of the gauge theory side, it is interesting to study the 
i?-current correlators in the same kinematic limit also on the string side. Here, in the 
simplest approximation, one considers the zero slope limit and arrives at Witten diagrams 
with graviton exchanges. For the elastic scattering this has been done in [35], while for the 
problem of the six-point function work along these lines is in progress. 

Our paper is organized as follows. In section 2 we define the triple-Regge limit of 
six-point correlators, first for virtual photons in QCD, then for i?-currents in N = 4 SYM 
theory. In section 3 we consider the i?-current impact factors, consisting of the sum of a 
Weyl fermion loop and a scalar loop in the adjoint representation with n gluons attached. 
We derive the relation of these impact factors to the corresponding impact factors consisting 
of quark loops in the fundamental representation, and present them explicitly for up to 
four gluons. We put special emphasis on the reggeization of the impact factors. Further 
in that section we point out that the Odderon decouples from impact factors containing 
particles in the adjoint representation. In section 4 we write down the integral equations 
which sum all diagrams contributing to the (extended) generalized leading logarithmic 
approximation. In section 5 we study these integral equations, tracing in particular the 
consequences of the new impact factors obtained before. In section 6 we finally present our 
result for the six-point correlator which differs from the result in QCD. Section 7 contains 
our conclusions and an outlook. Appendix A deals with some su(iV c ) color identities. In 
two further appendices we consider higher n-gluon amplitudes and their reggeization in 
J\f = 4 SYM: In appendix B we generalize our findings for the four-gluon amplitude to five 
gluons. In appendix C, finally, we make some steps towards a calculation of the six-gluon 
amplitude. These first steps already allow us to draw some conclusions about the 2-to-6 
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gluon transition function in J\f = 4 SYM. Some results presented in this paper have been 
published in a letter [36] . 

2. Six-point correlation functions at high energies 

In this section we define the high energy limit of six-point functions in N = 4 SYM. As 
is well known, the high energy behavior of scattering amplitudes in the Regge limit is de- 
termined by the exchange of particles with the highest spin which, in the case of M = 4 
SYM, are the gauge bosons with spin 1. Studies of the high energy behavior of Yang-Mills 
theories in the leading logarithmic approximation show that, apart from the impact factors, 
the high energy behavior is entirely determined by the gauge bosons. This implies that, in 
this approximation, in a supersymmetric extension of non-supersymmetric SU(iV c ) gauge 
theory, e. g. in N = 4 SYM with the same gauge group, the difference between the super- 
symmetric and the non-supersymmetric theory resides in the impact factors. Specifically, 
in supersymmetric theories the fermion fields are in the adjoint representation, and in ad- 
dition to the impact factors consisting of closed fermion loops we have also those composed 
of scalar particles. Apart from the impact factors, the interactions of the exchanged gluons 
are the same as in the non-supersymmetric case. 

2.1 Six-point amplitudes in QCD 

In QCD, scattering amplitudes with more than 4 external particles arise naturally in the 
context of deep inelastic scattering on a weakly bound nucleus. A simple example is deep 
inelastic scattering (DIS) on a nucleus consisting of two weakly bound nucleons (that is a 
deuteron), see figure 1. The total cross section of this scattering process is obtained from 
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Figure 1: Scattering of a virtual photon on a weakly bound nucleus 
the elastic scattering amplitude, Xy*( pn wy*( pn ), via the optical theorem, 

<T 7*(pn)^7*(pn) = ~q ^ m ^7* (pn)^7* ' (2-1) 

where S = (q + pi + P2) 2 denotes the total energy of the scattering process. In order to 
obtain an entirely perturbative environment, we can think of replacing the two nucleons by 
virtual photons. As a result, we are led to six-point correlators of (off-shell) electromagnetic 
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currents, where the coupling between the external electromagnetic currents 

and the exchanged gluons is mediated by three photon impact factors. 

Let us start with the amplitude T 7 * ( pn )_>^* ( pn y The kinematics is illustrated in figure 1: 
the amplitude depends upon three energy variables, s\ = (q + pi) 2 , S2 = (q' + P2) 2 , an d 
M 2 = (q + p\ — p'1) 2 . In the high energy limit that we are interested in, s± ~ S2 — s 
and all these variables are of the same order as S = (q + p\ + P2) 2 — 2s. All these 
energies are assumed to be much larger than the momentum transfer variables t = (q — q') 2 , 
h = (Pi ~ Pi) 2 -, an< i ^2 = (P2 — P2) 2 an d the virtuality of the photon, Q 2 = —q 2 , 



si,s 2 > M z > Q z ,-t!,-t 2 ,-t. (2.2) 

We will distinguish between si and s 2 , but at the end we set s\ = S2 = s and t = 0. 
Throughout this paper we use Sudakov variables with the lightlike reference vectors qA 
and pb, such that s = 2qA ■ qB, S = AqA • Pb = 2s, q = qA — xps with x = Q 2 /(2qA ■ Pb) 
and 

M 2 + Q 2 -t 1 M 2 . . 

x P = — -~ <1. 2.3 

s s 

Neglecting the nucleon masses we have 

Pl=P2=PB, Pi = PbO- ~ x P ) +j>i_l , P2=Pb(1+x p )+P2±. (2.4) 
Internal momenta are then written as 

ki = a.iq A + PiPB + h± (2.5) 

with k 2 ± = — kf . The fact that the two nucleons are in a weakly coupled bound state implies 
that we will allow the two nucleons to have small losses of longitudinal and transverse 
momenta, i.e. we will integrate over xp and p±± = —p2±_ = k±. The integration over xp is 
equivalent to the integration over the mass squared M 2 , and the latter will be kept much 
smaller than s. 

A convenient way of computing the elastic scattering amplitude T 7 .( pri )^ 7 *( pri ) in the 
high energy limit is to use dispersion relations and Regge theory, for a review of these 
techniques see [37]. For our case 1 the scattering amplitude can be written in the form 

T 3 ^ 3 (si,*2,M 2 ;ti,*2,*) 

= J ^^^mW'mXM 2 ^ (2 ' 6) 

with the signature factors £(i) = —ir e " rJ+1 , £(7,71,72) = — 7r e ^ \ 31 . 32 . + } . Given the 
representation (2.6), there is an easy way of computing this amplitude. Namely, we take 
the triple discontinuity in si, S2, and M 2 , 

disc Sl disc S2 disc M2 T 3 _ >3 = vr 3 / djldj2 f sj 1 s 2 h (M 2 y~^F(Ji , h , f, h,t 2 ,t) , (2.7) 

J [2tti) 6 



1 This representation holds for the scattering of scalar particles. Because of helicity conservation (which 
is a consequence of supersymmetry) , this representation can also be used for our case, where we consider 
the scattering of external vector currents. 
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and see that the partial wave F(j±,j2,j; ti, t2> t) which in our kinematic region is real- valued 
(i. e. has no internal phases) can be computed from the triple Mellin transform of the (real- 
valued) triple energy discontinuity. Using unitarity, this triple energy discontinuity is easily 
obtained from high energy production processes. 

To obtain the cross section (2.1) for deep inelastic scattering on the deuteron from eq. 
(2.6) it is needed to take the imaginary part, i. e. the discontinuity in M 2 , to set s\ = S2 = s 
and t = (which implies p\± = —p2i_ = k±), and to integrate over the phase space of the 
two nucleons, i. e. over xp = M 2 /s and k±, 

If 1 f <i 2 k 

cr 7°* t (pn)^7*(p«)( s ) = 2~s J d%P J 2(2tt) 3 disc M^T 3 ^ 3 (s , s, M 2 = x P s; -k 2 , -k 2 , 0) 
1 f djidj 2 dj . . 1 f d 2 k . . 2 2 

(2.8) 

where due to the nucleon form factors the integration over k 2 = —t\ = —t2 remains 
restricted to a small range. 

For the discussion of this paper, however, we focus on the correlator of six currents, 
T3— »3(si, S2, M 2 ;ti,t2,t), and the integrations over xp and k will not be considered. In the 
following it will be convenient to introduce instead of the angular momenta j, j±, j2 the 
variables u = j — 1, co± = j\ — 1, o>2 = 32 — 1, and we will write F(ui, UJ2, ii, <2, t) instead 
of F(j 1 ,j 2 ,j;t 1 ,t2,t). 

In order to form, in the leading logarithmic approximation, color singlet t-channel 
states which couple at the top to the virtual photon and at the bottom to two photons, one 
is led to QCD diagrams with four i-channel gluons at the lower end and two, three, or four 
gluons at the upper end. A few examples of such diagrams are shown in figure 2. Wavy 
t-channel gluon lines stand for reggeized gluon propagators, and horizontal lines between 
the t-channel gluons denote on-shell s-channel gluons (that is real gluon production in the 
interaction kernel). For the computation of the triple energy discontinuity we proceed in 
the same way as for the LO BFKL ladders. We use multiparticle amplitudes in the multi- 
Regge kinematics: T2^ n and, more generally, T n _> m , where all incoming and outgoing 
particles are separated by large rapidity gaps. These diagrams represent, for the six-point 
amplitude in the triple Regge limit, the (generalized) leading logarithmic approximation: 
for each gluon loop we have a logarithm of a large energy variable. 

As to the general structure of the diagrams, at the lower end we start from 4 reggeized 
gluons (two color singlets) which couple to the two impact factors at the bottom. At 
the upper end, given by the upper photon impact factor, we end with a t-channel state 
consisting of two, three, or four gluons. We thus encounter t-channel states with 2, 3, 
or 4 gluons: their propagation is described by the BFKL equation for the case of two 
gluons, and by the BKP equations in the case of three and four gluons. When moving 
from the bottom to the top, the number of t-channel gluons never increases. Transitions 
between the different states are described by kernels -^2^3 and i^2-+4 which we describe in 
section 4.3 below. There are three different t-channels (t, t±, t2), and each of them has its 
own angular momentum u, lo±, ll>2, respectively. As seen from figure 2, there is always a 
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t j t j 




Figure 2: A few contributions to the triple energy discontinuity in eq. (2.6) 

'lowest' interaction, which we call 'branching vertex', below which the diagrams split into 
the t\ and ti channels. It is therefore convenient to split the diagrams of figure 2 into 
three pieces: below the branching vertex we have two disconnected BFKL Pomerons, £>2, 
depending on u\ and u>2, respectively. At and above the vertex we have an amplitude with 
four gluons, D4, which depends upon to: it satisfies an integral equation which, for the 
case of QCD, has been discussed in [8], and has been further studied in [9]. One of the 
main results of that analysis is the appearance of the Mobius invariant 2^4 gluon vertex. 
Together with the BFKL kernel it represents one of the fundamental building blocks of 
QCD Reggeon field theory. The investigation of the analogous amplitude in N = 4 SYM, 
©4(0;), will be the main goal of the present paper. In particular, we will study the influence 
of the supersymmetric particle content of the impact factors on the solution of the integral 
equation for that amplitude. 

It is straightforward to generalize this discussion of six-point amplitudes to eight-point, 
ten-point amplitudes etc. In the same way as the six-point amplitude leads to 4 gluons 
in the t-channel, the eight-point amplitude contains up to 6 gluons. As in the previous 
case, in QCD such amplitudes arise very naturally in the context of the scattering of a 
photon on nuclei consisting of three or more weakly bound nucleons. From the theoretical 
point of view, these multiparticle correlators provide a natural environment for color singlet 
BKP states. When deriving and analyzing these higher order BKP states within QCD, 
new transition vertices of reggeized gluons appear which are elements of QCD Reggeon 
field theory. In this paper we restrict ourselves to the six-point amplitude containing four 
gluons. We will, however, present a few results also on the five- and six-gluon states. 

2.2 Six-point correlators of .R-currents in Af = 4 SYM 

After this brief review of QCD calculations we now want to turn to analogous scattering 
amplitudes in J\f = 4 SYM. In terms of component fields, this theory contains the vector 
field Ap, 4 chiral spinors A/, and 6 real scalars Xm- They all transform in the adjoint 
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representation of the gauge group SU(iV c ), and generically we can write the fields as $ = 
<J> a b = <& c (T c ) a b, with the generators of the adjoint representation, (T c ) a b = —if a bc- The 
f a bc are the SU(iV c ) structure constants which occur also in the algebra of the generators t a 
of the fundamental representation, [t a ,i 6 ] = if a bct c - Our convention for the normalization 
of the t a is such that tr (t a t b ) = 5^/2. For the generators in the adjoint representation we 
have [T\ T b ] = if abc T c and tr {T a T b ) = N c 5 ah . 
The Lagrangian of M = 4 SYM theory is [38] 

C = tr ( - \f^ v F^ + D^XmD^Xm + 2iX I a^D^X I 

V 2 ! N (2-9) 

- 2ig\ I [Xj,X IJ ] - 2igX I [X J ,X IJ } + -g 2 [X M , X N ] [X M , X N }j . 

The Xm and Xjj are related by the SU(4) = SO(6) sigma symbols, 

Xu = --(T^m)ijXm , X IJ = -(S m Y j Im , (2-10) 

with tr(S^-E^- 1 ) = 45mn, which implies that Im^m = XijX ij . Capital indices trans- 
form under the i?-symmetry group SU(4). In particular, A, B, C, ... = 1, 15 are indices 
of the adjoint representation, I,J,K,... = 1,...,4 transform under the fundamental, and 
M,N,... = 1,...,6 under the vector representations of the i?-symmetry. Small indices 
a, b, c, ... = 1, N% — 1 are adjoint representation indices for the gauge group S\J(N C ). The 
covariant derivative and the gauge field strength tensor F^ v are defined in the usual 
way by (writing $ generically for any field in the theory) 

D^ = d^-ig[A^}, (2.11) 
= d^A u - d u A„ - ig[A^ A v \ . (2.12) 

The theory enjoys a SU#(4) global symmetry, called i?-symmetry, which transforms 
the different supercharges. Under these transformations, the fields A^, Xj, Xm belong 
to the scalar, fundamental, and vector representation, respectively. More specifically, the 
Lagrangian (2.9) is invariant under the global i?-symmetry transformation 

§X aaI = i eA A aaJ (r A )j 7 , 

SX a&I = -ie A (T A )uX a&J , (2.13) 
5X a M = ie A {T A ) MN X a N , 

where e A are small parameters, and T A are the SUr(4) generators in the appropriate 
representation. 2 The corresponding Noether current is 

J A » = i-^t—A A <S> = tr (-Xa»T A X - iXT A D^X) , (2.14) 

where A A & is obtained from (2.13) with the definition 5& = ie A A A <& for an infinitesimal 
^-transformation . 

2 In our notation the generators of SUij(4) are labeled by capital letters so that they are distinguished 
from the generators of SU(iV c ) which carry small letters. 
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In [33] it has been suggested that in N = 4 SYM this global current can be used 
as a substitute for the electromagnetic U(l) current in QCD. To be more precise, one 
should choose an abelian subgroup of the global SUr(4), for example the one generated by 
T 3 = diag(^, — ^, 0, 0). The simplest application of this procedure is the supersymmetric 
analog of elastic 7*7* scattering: the elastic scattering of two -R-currents [34]. In QCD 
this process, when evaluated at energies much larger than the photon virtualities, provides 
one of the cleanest environments for studying the BFKL Pomeron. With the conjectured 
AdS/CFT duality, the correlator of four i?-currents therefore offers the possibility to study 
the dual of the BFKL Pomeron on the string theory side. 

As a next step along this line, one may address higher correlators, e. g. the six-point 
function for which the QCD side has been discussed above. Giving labels A, B\, B2 to the 
three incoming virtual photons (and analogous primed labels to the outgoing ones) in the 
amplitude f -L -y* -y* -y* — ^-y*^*^* 5 one is led to consider an analogous process in J\f = 4 SYM by 
defining the momentum space six-point function (see figure 3) 



H 27r ) % + Pi + P2 - q - Pi - P 2 ) T 3^3 



n 



--A,...,B' 2 



<j^(* A )j™H^j^r^^ (2-i5) 

Following the discussion of the previ- 
ous subsection, we will be interested in the 
(generalized) leading logarithmic approxi- 
mation of the six-point function in the 
triple Regge limit, where we will make use 
of the analytic representation (2.6). 

The only places where the supersym- 
metric content of M = 4 SYM becomes 
visible in the above expression are the im- 
pact factors. Compared to the QCD case, 
there are two novel features: (i) the (Weyl) 
fermions are in the adjoint representation, 
(ii) in addition to the fermion loop, we have 
the scalars which occur in the adjoint representation as well. In [34] these impact factors 
have been calculated for the four-point function where two t-channel gluons are coupled 
to the external currents. For the six-point function, new impact factors with three or four 
t-channel gluons appear as well. They have not been calculated yet, and their computation 
constitutes one of the main goals of this paper. 

The structure of these novel impact factors has quite important consequences. In 
the QCD analysis the integral equations which formally sum all the Reggeon diagrams 
can partially be solved and simplified. The key ingredients to this are the reggeization 
of the gluon and the validity of bootstrap equations. The latter ones strongly depend 



d Xj e 



-iq 



T B2^Bo 



B< 



B. 



2^B' 




Figure 3: The momentum space six-point func- 
tion of 3 — > 3 i?-current scattering. 
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upon the structure of the impact factors which - in QCD with quarks in the fundamental 
representation - are simple (Dirac) fermion loops. In QCD it has been shown that all 
contributions with more than two t-channel gluons are absorbed into reggeizing pieces, 
and, at the end, only two-gluon contributions remain. This result is closely connected with 
the structure of the 2^4 gluon vertex. In the case of J\f = 4 SYM the fermions are in the 
adjoint representation, and the impact factors also contain contributions from the scalars: 
the structure of the impact factors with three or more ^-channel vector particles is different, 
and it is a priori not obvious how this affects the solution of the integral equations. We 
shall investigate this issue in the present paper. 



3. Impact factors 

3.1 Four-point functions in M = 4 SYM 

It will be useful to briefly recapitulate the two-gluon impact factor which was studied in 
detail in [34], some properties of this impact factor were also discussed in [39, 40]. Its 
precise definition is given by 



(kl ,k 2 ) = disc s -<-^--^(, )e ;-(,o. (3.D 



*(2;0) 



Here ■^R^-^R^g^ 2 is the amplitude for scattering of the i?-current A with Lorentz index 
HA and a gluon with momentum — k\, Lorentz index pi and color label a± into the R- 
current A' with Lorentz index p^i and a gluon with momentum &2, Lorentz index p2 and 
color label 0,2- s = (q — ki) 2 ~ q 2 — kf — s(3 is the total center-of-mass energy squared 
of the i?-current-gluon system. e^(k) are the polarization vectors of the i?-currents with 
polarizations A = L,h where L denotes longitudinal and h = 1,2 transverse polarizations. 

We begin our discussion with the fermionic part of the i?-current impact factor which 
consists of Weyl fermions in the adjoint representation of SU(iV c ). Compared to Dirac 
fermions in the fundamental representation (that is the usual QCD case), we have to 
consider the following changes. Instead of N c fundamental quarks we now have N 2 — 1 
adjoint particles, i.e. the color trace tr (t a t b ) = 5 a b/2 is replaced by tr (T a T b ) = N c 5 a i) 
where (T a )b c = —if a bc are the generators in the adjoint representation. Next, we have to 
consider the U(l) charges 6f of the global SUr(4) symmetry of the Weyl fermions which 
are the analogs of the electric charges e q in QCD. With our choice of the U(l) subgroup, 
T 3 = diag(^,— 1,0, 0), we can take care of these charge factors by multiplying the QCD 
amplitude by 

since here X^ e F = tr 4 (T A T A ) = |. Furthermore, we identify the left- and right-handed 
components of a massless Dirac fermion with Weyl fermions in the standard way, and we can 
conclude that the impact factor with a massless Dirac fermion is twice the corresponding 
impact factor with a Weyl fermion. Compared to a Dirac fermion in the fundamental 
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representation in QCD, we therefore have for the fermionic contribution in J\f = 4 SYM 
the relative weight 



2N C R with 



R 



1 



-R F 



1 



(3.3) 



2"' 4Y>2' 

The momentum structure, including the integration over the loop momentum, on the other 
hand, remains the same in each individual diagram and is not affected by the change of 
the color representation of the quarks. Finally, we have the scalar contribution for which 
there is no counterpart in QCD. 

In the following we often compare with the QCD case, i. e. with the case of Dirac 
fermions in the fundamental representation. In order to make a clear distinction between 
the impact factors (and, later on, also the gluon amplitudes) in the two theories we will 
denote n-gluon impact factors in QCD with fundamental quarks by normal letters, for 
example Dr n . \, while those in TV = 4 SYM will be denoted by blackboard-style letters, for 
example B( n . ). 

The full J\f = 4 SYM impact factor ID)(2 ; o)(ki, k 2 ) f° r the scattering of two i?-currents 
with two exchanged gluons in the t-channel has been computed in [34]. The computation 
of the fermionic part includes the four diagrams shown in figure 4. We consider the discon- 



J CD OZ) UT> 



Fl 



F2 



F3 



F4 



Figure 4: The fermion diagrams for the impact factors. 

tinuity in s and therefore two propagators are set on-shell. Due to the cut only diagrams in 
which the gluon lines do not cross have to be included. The external currents are projected 
onto different polarizations, longitudinal or transverse. For simplicity we give the result 
of the fermion impact factor, the sum of the four diagrams in figure 4, only for transverse 
polarization of the i2-currents: 



■Midi ,hh' 
F,(2;0) 



(ki,k 2 



N r a, 



2 

4a(l 



da 



d 2 \ 



• e 



(h')* 



+ e 



D' 2 



(3.4) 



(2vr) 2 

(Ni N 2 

„(*')♦ (El _ EA (El 
\D 1 D 2 )\ D[ 

Here h and h! denote the transverse polarizations (which we will often suppress in the 
notation of the amplitudes D n ) and denotes the corresponding polarization vector, a 
and a' are the color labels, and ki and k 2 with q = ki + \t 2 are the transverse momenta 
of the gluons. The trace over the two generators of the SUr(4) group is included in the 
impact factor. For fermions in the fundamental representation it is 

1 
2 



tr 4 (T 



ArpA\ 



(3.5) 
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as it appeared already in the relative factor Rp, see (3.2). The integrations which are 
left are over the transverse momentum 1 and the Sudakov component a, belonging to the 
longitudinal momentum q^, see (2.5), of the fermion loop. The propagators and numerators 
are given by (i £ {1,2}) 

Ni = 1 

N\ = 1 - (1 - a)q 
N 2 = 1 - k 
N' 2 = 1 - k + aq 

Di = Nf + a(l - a)Q\ 
B\ = N? + a(l - a)Q\, . 

Note that B^?(2 ; o)(ki, k 2 ) is symmetric in its two momentum arguments and vanishes if one 
of them vanishes (i G {1, 2}): 



(3.6) 



OT ,(ki,k 2 ) 



"F,(2;0) ( 



k»=0 



0. 



(3.7) 



which is a consequence of the gauge invariance of the impact factor. 

The scalar contribution to the impact factor in M = 4 SYM consists of nine diagrams, 
shown in figure 5, and all diagrams are necessary to satisfy the Ward identities at finite 
energies. But at high energies the diagrams S5-S9 are suppressed [34], and the leading 
diagrams for the scalar impact factor are S1-S4, which are similar to the fermionic ones. 
The scalar part of the impact factor with transversely polarized i?-currents is 



SI 



S2 



S3 



S4 



S5 



S6 



S7 



S8 



S9 



^a\a2,hh' 
S,(2;0) 



Figure 5: The scalar diagrams for the impact factors. 
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with the propagators and numerators given in (3.6). The trace over the SUr(4) generators 
for scalars in the vector representation, that is included here, gives 



tr 6 (T A T A ) = 1, (3.9) 

different from the fermionic case. Also the scalar contribution ^>s,(2-,o){ki, ^2) to the impact 
factor is symmetric in its two momentum arguments and vanishes if one of them vanishes 
(<€{1,2}): 

D sr( ki ' k2) L = o =o - (3 - io) 

We obtain the full impact factor in N = 4 SYM as 

^(2;0) - U F,(2;0) + U S,(2;0) ' V>- VV ) 

and obtain for the example of transversely polarized i?-currents 

nai a 2 ,hh' x * N c<*s f\ f d 2 l ( Ni N 2 \ fN[ N' 2 \ 

D (2;0) = Ww — l da ] T^{ Wl - W2 )\ Wi - W2 )- (3-12) 

B( 2; o) is symmetric in its two momentum arguments, and as a consequence of (3.7) and 
(3.10) we have 

Bg^'^ka) _ =0. (3.13) 

kj — 

It has been observed in [34] that due to supersymmetry the helicities of the scattering 
i?-currents are conserved. In particular, unlike the QCD case, helicity conservation holds 
for the i?-current impact factor also in the non-forward direction t 7^ 0. In the following we 
will keep in our notation the different polarizations and \a> explicit, while we keep in 
mind that the impact factor is always proportional to S XaXa ' . This also justifies a posteriori 
the use of the analytic representation (2.6) for the analysis of the six point function (2.15). 

3.2 Six-point functions in M = 4 SYM 

The next step is to go to higher correlation functions, e. g. six-point functions (2.15). Again 
fermions and scalars contribute to the impact factor B( n;0 ). They generalize (3.1) to an 
arbitrary number of gluons and are defined as 



B^-^'^^k!,...,^) 

pi pn /*0O 7 ~ POO 7 ~ 

= P b---Pb / / ^zi disc disc - ^^/'^""^(^e^;^'), 

(3.14) 

with Si = (q — X^}=i%) 2 ' * = l,---n — 1. One possible diagram with fermion loops 
contributing to the six-point function is depicted in figure 6. The complete impact factors 
are again given by the sum over all possible ways in which the gluons can couple to the 
fermion and scalar lines. 

In the following discussion of amplitudes with more gluons the color factors will play 
a crucial role, in particular when we explain how amplitudes with different numbers of 
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Figure 6: A fermionic contribution to the six-point function 



gluons are related to each other via reggeization. We will invoke known results from QCD 
in order to derive these relations for the case of N = 4 SYM. When comparing the fermionic 
contributions we will always find the overall factor R of (3.3) when comparing an M = 4 
SYM amplitude to its analog in QCD. The color factor, on the other hand, will have a richer 
structure, such that the main structural difference between the two theories originates from 
the color representations of the particles. In the following we will therefore sometimes (in 
slight abuse of language) speak of the 'adjoint' and 'fundamental' representation when we 
actually refer to J\f = 4 SYM and QCD, respectively. In fact, the results obtained below 
for the fermions can be used for considering a theory like QCD with adjoint instead of 
fundamental quarks by just dropping the factor R wherever it occurs. 

3.2.1 Fermionic impact factor 

For the case of fundamental quarks in QCD the impact factors with up to six gluons have 
been given explicitly in [8, 9]. There it has been found that the impact factors with ar- 
bitrarily many gluons can be related to the two-gluon impact factor D( 2 ;0)- A detailed 
account of how this reggeization of the impact factors results from the corresponding dia- 
grams has been given in [41]. Here we want to relate the Weyl fermion impact factors in 
the adjoint representation to those of the fundamental representation. In accordance with 
the notation of the previous section we assign color labels aj and transverse momenta kj 
to the gluons. 

To understand the main difference between QCD and N = 4 SYM we have to take a 
closer look at the traces in color space. Inspection of the possible diagrams contributing to 
the n-gluon impact factor shows that these diagrams come in pairs: for each diagram there 
is another diagram with the same momentum integration but with the generators occurring 
in opposite order in the trace in color space. The relative sign between these two diagrams 
turns out to be positive for even numbers of gluons and negative for odd numbers of gluons. 
It further turns out that the full impact factors can be written completely in terms of the 
momentum part of the two-gluon impact factor, see [8, 9]. (In that representation the 
diagrams with all gluons attached to the same quark line occur several times with different 
color factors but cancel in the sum over two-gluon impact factors such that the original two 
diagrams of this type are correctly counted.) It is straightforward to check, following for 
example the derivation presented in [41], that this result holds also in the case of adjoint 
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D™(ki,k 2 ,k 3 ) = ^gf aia2a3 [D (2 . 0) (12,3) - D m (13, 2) + D m (1,23)] , (3.18) 



fermions. 

Let us first define the momentum part of the two-gluon amplitude by separating it 
from the color tensor, 

£>g«(ki,k 2 ) = Sa^D^.^M) , (3-15) 

and analogously for B^.q) - 

For three gluons a pair of diagrams as described above comes with the difference of 
two traces over generators of the respective representation. For the adjoint representation 
we have for instance 

tr (T ai T a2 T as ) - tr (T a3 T a ' 2 T ai ) = iN c f aia2as , (3.16) 
while in the fundamental representation (i. e. in QCD) we had 

tr (t a H a H as ) - tr (t a H a H a i) = l -f ai a 2 a 3 (3.17) 

instead, giving again rise to a relative factor 2N C R in the N = 4 SYM case as compared to 
the QCD case. This applies to all pairs of diagrams. Invoking the known decomposition of 
the fundamental impact factor D ( 3;0 ) into a sum over -D( 2; o) [7, 8], 

1 

we find for the adjoint representation in N = 4 SYM 

B-^ki.ka.ks) = 2JV c flZ>»Wk 1 ,k 2 ,k 3 ) 

1 ' (3-19) 

= ^9fa ia2 a, [B F)(2 . 0) (12,3) -B F)(2;0 ) (13,2)+ B F , (2 . ) (1,23)]. 

Here we have made use of the shorthand notation for the momentum arguments of B( 2; o) 
and -D( 2; o) originally introduced in [9] in which the momenta are replaced by their indices, 
and a string of indices stands for the sum of momenta, for example 

£> (2 . 0) (12,3) = L> (2;0 )(k 1 +k 2 ,k 3 ). (3.20) 

In the following this notation will also be used for other functions. Note that we have 
expressed both three-gluon impact factors here in terms of the momentum part of the two- 
gluon impact factor which does no longer contain the color factor <5 a &. We observe that the 
three-gluon impact factor in the adjoint representation (3.19) differs from the one in the 
fundamental representation (3.18) only by a factor 2N C R. As a consequence the relation 
between the three-gluon impact factor and the corresponding two-gluon impact factor is 
the same in both representations, compare the second line of (3.19) with (3.18). What we 
observe here is the reggeization of the gluon in the impact factor. In each term in the sum 
in (3.19) or (3.18) two gluons combine to act as a single gluon. 

For four gluons the situation becomes more interesting. In the fundamental represen- 
tation, the color structure of a typical pair of diagrams with the same momentum structure 
is given by the tensor 

d abcd = tr ( t a t b t c t dj + tr (td t c t b t a^ _ (3 21 ) 
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Taking the quarks to be in the adjoint representation gives us the same two traces with 
the fundamental generators t a replaced by adjoint generators T a , 

tr (r a T b T c T d ) + tr (T d T c T b T a ) = 2N c d abcd + 5 ab S cd + 5 ac 5 bd + 5 ad 8 bc , (3.22) 

where we have used (A. 3) and (A. 5) in order to express this sum of traces in terms of the 
tensor in (3.21) known from the fundamental representation. We notice that in the case 
of four gluons we find a further part in addition to reproducing 2N C times the tensor from 
the fundamental representation. Using the known result for the four-gluon impact factor 
in the fundamental representation [8], 

Z^™(k 4 ,k 2 ,k 3 ,k 4 ) = - s 2 ^™ [D (2;0) (123,4) +D (m (1,234) - D (2;0) (14,23)] 

_ g 2 d a 2ai asa 4 (134, 2) + Z? (2;0) (124, 3) - D (2;0) (12, 34) 

-D (2; o)(13,24)], (3.23) 

and (3.22) we hence arrive at 
B^~(k 1 ,k 2 ,k 3 ,k 4 ) 

= 2N c RD a ( l^(k 1 , k 2 , k 3 , k 4 ) + B^~(k!, k 2 , k 3 , k 4 ) 

= -g 2 d a ^ a ^ [B F , (2 . )(123,4) +D F)(2;0 ) (1,234) - B F(2;0) (14, 23)] 

_ g 2 d a 2 a ia ,a 4 [p Fi(2;0) (134, 2 ) + B Fj(2;0) (124, 3) - B Fi(2;0) (12, 34) - B F)(2;0) (13, 24)] 

+ ro ^(4;0)dtr( 1 ' 2 ' 3 ' 4 )- ( 3 - 24 ) 

Here the additional part B F ( 4;0 )dir originates from the additional delta tensors in (3.22): 
later on it will be shown that this piece - in contrast to the other terms in eq. (3.24) - gives 
rise to a direct coupling of the four-gluon state in the t-channel to the external currents. 
Explicitly, it becomes 

1^01020304 /, . , \ 
^F,(4;0) diiA Kl ' K2 > K 3' K 4j 

= ~ 9 (^ a i a 2^a 3 a4 + ^aia 3 5a 2 a4 + ^0104 $0203 ) ^ 

x [B F(2;0) (123, 4) + B F)(2 . 0) (124, 3) + B F)(2;0) (134, 2) + B F(2;0) (1, 234) 
-B F(2;0) (12, 34) - B F(2;0) (13, 24) - B F;(2;0) (14, 23)] . 

The factor (2A ? C ) _1 appears because we have expressed the r.h.s. in terms of B F r 2;0 ) instead 
of D(2-,o)- Interestingly, due to the symmetry of B F ( 2;0 ), this additional term is completely 
symmetric in its color and momentum arguments. We furthermore observe that due to 
(3.13) it vanishes if one of the gluon momenta vanishes, that is for all i we have 

D ?S33r( k l. k 2. k 8.k 4 )| k4=0 =0- (3-26) 

We will discuss the physical interpretation of this additional piece in section 5 below. 
3.2.2 Scalar impact factor 

In N = 4 SYM scalars provide a contribution to the full impact factor also for larger 
numbers of gluons. A scalar contribution to the six-point function is shown in figure 7. 
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In this section we argue that it is possible to relate 



the scalar impact factors for n gluons, 



to the 



two-gluon impact factor B 5 ( 2 ;0) i* 1 * ne same way as for 
fermions. 

Additional diagrams like S5-S9 for the two-point 
function in figure 5 also appear with three or more glu- 
ons in the i-channel, see figure 8. But these diagrams 
are suppressed for the same reasons as in the case of 
two t-channel gluons. Every contraction of the gluon 
polarization tensor, 



[IV 



-(PbIa + QaPb) +9± 



(3.27) 




Figure 7: A scalar contribution to 
the six-point function 



with the polarization vector of the i?-current provides one power of s less than in the 
leading diagrams. Therefore at high energies only diagrams with gluons coupled directly 
to the scalar lines contribute to the scalar impact factor. 



: 



Figure 8: Two of the additional diagrams in the scalar case 

Furthermore, diagrams as the one shown in figure 9 do not contribute to the disconti- 
nuity that we are considering. Because of the suppression of the additional diagrams also 




Figure 9: A further scalar diagram 

in the scalar part all impact factors ^>s,(n-,o) with arbitrarily many gluons can be expressed 
in terms of the two-gluon impact factor B^^o)- The reduction mechanism is similar to the 
one with fermion loops. The key mechanism for fermions has been explained for example 
in [9], here we will now consider it for scalars. 

A scalar-gluon vertex, figure 10, contracted with the leading longitudinal part of the 
gluon polarization tensor (3.27), 2p^q A /s, is proportional to sa, where again we make use 
of a Sudakov decomposition I = aqA + @Pb + k (as in (2.5)) of the loop momentum of the 
scalar loop. Let us now consider two adjacent gluons out of the n gluons which couple to 
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the scalar loop. Every scalar-gluon vertex is contracted with the longitudinal momentum 
Pb from the polarization tensor of the i-channel gluon. Furthermore, the scalar propagator 
is on-shell, thus resulting in a delta function. Then we obtain 



l§| Si ~ as{l - h + 1 - ki - k 2 )-p B 2tt<J((Z - h) 2 ) . (3.28) 
k\ ko 

Making use of the Sudakov decomposition we find 

h _ h ~ k\ — ^2 

as5{(P-(3 kl )-(l--k 1 ) 2 /sa) ~ j| (3.29) 

k\ k^ 

which is the same as the one-gluon-scalar vertex, but with the transverse momentum given 
by the sum of the momenta of both t-channel gluons. This means that we observe reggeiza- 
tion of the gluons in the scalar part of the impact factor as well. 

The scalar diagrams contributing to the impact factor come jf jj _. 

in pairs exactly as the fermionic ones. The two diagrams in each 
pair have the same momentum structure but the color trace 
occurs in reversed order. The relative sign between these two 
diagrams is again (—1)™ where n is the number of gluons. 

Altogether, the decomposition of the scalar impact factors Figure 10. Scalar gluon 

vertex 

Bs,(n;0) into a sum of ^>s,(2;0) works in the same way as for 
fermions. The results are 



Dgg^Cki.ka.ka) = \gf aia2 a, [B 5)(2;0) (12,3) - B 5)(2;0) (13,2) + B S)(2;0) (1, 23)] (3.30) 



and 



^ ia2a3a4 (ki,k 2 ,k 3 ,k 4 



S,(4;0) 

= -g 2 d a ^ a ^ [B S)(2;0) (123,4) +B S)(2;0) (1,234) -B S){2 . 0) (14,23)] 

_ g 2 d a 2 a ia ,a 4 [p^^ ( i 34 , 2 ) + B 5j(2;0) (124, 3) - D 5i(2;0) (12, 34) - D 5j(2;0) (13, 24)] 

(3.3i) 

with ("lofdirC 1 ' 2 ' 3 ' 4 ) as in ec l- ( 3 - 25 ) but witn tne index F replaced by S in all terms. 

The full impact factors IDWo) an d Ba-o) are then given by the sum of the fermionic 
and scalar impact factors as in the two-gluon case (3.12): 

B( 3 ;0) = Bf,(3;0) + B S ,(3;0) ^ ^ 

B(4;0) = B J F i ( 4; o) + B Si ( 4; o) • 

This holds for arbitrary polarization of the i?-currents. 

The key result of the present section is that we have been able to express the fermionic 
parts of the adjoint (A/ - = 4) impact factors with up to four gluons attached in terms of 
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the corresponding fundamental (QCD) impact factors and in terms of one new element, 
namely the additional piece B Fi (4 ;0 ) dir . The parts that could be related to the fundamental 
impact factors can also be expressed in terms of the adjoint two-gluon impact factor B F r 2 ;0) 
in exactly the same way as the fundamental impact factors could be expressed in terms of 
-D( 2; o)- For the scalar contributions to the N = 4 impact factors, that is absent in QCD, 
we find an analogous situation. The n-gluon impact factors ^>s,(n;0) can be expressed in 
terms of the two-gluon impact factor ^>s,(2-,o) an d in terms of a new element B^ (4 ; o)dir which 
occurs for four gluons. The relations in the fermionic and in the scalar sector are completely 
analogous so that they also hold for the full impact factors B/ n . ). In section 5 we will use 
this observation to extract the structure of the solutions to the integral equations in a 
simple way. 

It is interesting to note that the pattern of reggeization, found for B( 2; o)) B( 3; o), and 
O(4;0), continues for more than 4 gluons. Similar to B( 3;0 ) which, via reggeization, can be 
expressed in terms of a sum of B( 2; o) impact factors, the five-gluon impact factor, B( 5;0 ) , 
can be expressed in terms of lower impact factors. In particular, we find the new term 
B( 5;0 ) dir which can be expressed in terms of the analogous four-gluon piece, B( 4;0 ) dir . More 
precisely, defining 

I%;0) dir = ro F,(4;0) dir + %,(4;0) dir , (3.33) 

we find that 

B^~a 5(ki)k2;k3)k4;k5) 

= | [/ ai a 2C B~ 5 (12,3,4,5) +/ aia3C B~f r (13,2,4,5) 

+ fa ia4 c B™ (14, 2, 3, 5) + f aia5C B™ (15, 2, 3, 4) 
+ /a 2 a 3C B^ r (l,23,4,5) +/ a2a4C B«™. Sr (i,24,3,5) 
+ / a2asc B^.™ r (l,25,3,4) +/ a3a4C B~ 6 r (l,2,34,5) 

+ /a3a 5C ^( 4 ?o)di^ 1 ' 2 ' 35 ' 4 ) +^ 4 a 5C B™ r c (l,2,3,45)] . (3.34) 

Further details of the calculation of the five- and six-gluon impact factors B( 5;0 ) and B( 6;0 ) 
are presented in the appendices B and C. 



3.3 Decoupling of the Odderon 

We close this section with an observation that is not along the main line of our paper 
but nevertheless interesting. A closer inspection of the color traces that appeared in the 
impact factors considered above allows us to draw some conclusions concerning the coupling 
of the Odderon 3 to photon- like impact factors in theories where all particles are the adjoint 
representation of SU(iV c ). 

In order to obtain Odderon exchanges in the t-channel we have to consider impact 
factors that describe the transition from a C-odd to a C-even state, for example from an 
.R-current as considered above to a pseudoscalar current. As explained in detail in [41] 



3 For a review on the Odderon, the C-odd partner of the Pomeron, we refer the reader to [42]. 



for the case of Dirac fermions, the fermionic loop in such an impact factor with n gluons 
attached gives rise to the color factor 



tr (T ai ...T an )- (-l) n tr (T a ™ . . . T" 1 ) . 



(3.35) 



In the Pomeron (C-even) channel, on the other hand, the impact factor containing two 
vector-like /^-currents leads to 



as we have seen above. 

In QCD, where the corresponding generators are in the fundamental representation, 
the analog of the above combination of traces (3.35) is in general non-zero. In particular, 
the n i-gluons form in the Regge-limit a bound state for which the EGLLA was formulated 
in [41]. However, if the generators in the trace (3.35) are in the adjoint representation, we 



which implies that the combination (3.35) vanishes. As a consequence, bound states like the 
Odderon with odd charge parity decouple from photon-like impact factors, if the particles 
in the loop are in the adjoint representation. It should be possible to generalize this 
argument to all possible impact factors in theories that contain only particles in the adjoint 
representation. Odderon contributions can occur in such theories only via the splitting of 
a Pomeron into two Odderons [9]. Considerations involving the direct coupling of the 
Odderon to particles in a scattering process in N = 4 SYM, like for example [43], therefore 
require to add particles in the fundamental representation at least as external sources. 

4. Integral equations 

Let us now turn to the integral equations which, in the leading logarithmic approximation, 
sum all graphs contributing to the triple energy discontinuity of the six-point function. As 
we will see, the integral equations are formally the same in N = 4 SYM and in QCD. 
But the couplings of the t-channel gluons to the external particles which enter the integral 
equations as initial conditions differ in the two theories, as we have discussed in the previous 
section. In order to make a clear distinction between the multi-gluon amplitudes in the two 
theories we will follow the notation introduced for the impact factors, i. e. we will denote 
n-gluon amplitudes in QCD by normal letters, for example D n , while those in J\f = 4 SYM 
will be denoted by blackboard-style letters, for example D n . 



tr (T ai ...T a ") + (-l) n tr (T a ™ ...T ai ) = 2tr (T ai . . . T a ") 



(3.36) 



find 




(3.37) 
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4.1 Two gluons: BFKL equation 

In the LLA the scattering amplitude is described by the well-known BFKL equation [1, 2] 
which resums all terms of the order (a s log s) m . For a review of the BFKL equation see for 
example [44]. It is convenient to formulate the BFKL equation and the integral equations 
to be discussed below in Mellin space, that is one trades the squared energy s for the 
complex angular momentum oj by performing a Sommerfeld- Watson transformation. (In 
the following we will suppress the implicit dependence of our n-gluon amplitudes on uj 
in the notation.) We consider the amplitude D>2(ki,k2) which describes the evolution of 
two reggeized gluons in the ^-channel, starting from an impact factor B( 2; o) (ki, k 2 ) which 
couples the two gluons to the external currents via a loop of fermions and scalars in the 
adjoint representation. The elastic amplitude for i?-current scattering is then obtained 
from D 2 by folding it with another impact factor D(2 ; o) for the other incoming and outgoing 
i?-current [34]. 

In the LLA the energy dependence of the elastic scattering amplitude (from which a 
corresponding total cross section can be obtained via the optical theorem) is then encoded 
in the BFKL equation which we can write for D 2 as 



UJ 



-X>(k*) 



} a ia2 



(2;0) 



+ K^ {a} ® ©2 lb2 



(4.1) 



It describes the production of two interacting gluons in the ^-channel with transverse mo- 
menta ki and k2. The superscripts of D2 indicate the color labels of the two gluons. 
Graphically, this equation can be illustrated as 



LU 



Do 



i=l 




+ 



(4.2) 



The real corrections in the interaction of the gluons are contained in the kernel 



K. 



{b}^{a} 



2->2 



(ll,l2;ki,k 2 ) = g 2 fb l a 1 kfka 2 b 2 



(ki + k 2 ) 



l 2 k 2 

1 2 K l 



l 2 k 2 

h K 2 



(k 2 -l 2 ) 2 (ki-L) 2 ] ' 



(4.3) 



where g is the gauge coupling related to the strong coupling constant by a s 
The virtual corrections are given by the gluon trajectory function 



/?(k 2 



N c 2 

~Y 9 



d 2 \ 



(2tt) 3 l 2 (l-k) 2 



<7 2 /(4tt). 



(4.4) 



from which the actual gluon trajectory is obtained as a„ (k 2 ) = l + /3(k 2 ). The convolution 
symbol <g) in eq. (4.1) stands for a two-dimensional integration over the transverse loop 
momentum ci 2 l with the measure [(27r) 3 lf l|] —1 , and we have the condition I1+I2 = ki+k2 = 
q with t = — q 2 . The inhomogeneous term BWo) m t ne BFKL equation (4.1) is the impact 
factor which describes the coupling of the two gluons to the scattering particles, for example 
the coupling of two gluons to external i?-currents through a fermion and scalar loop. 
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The sum of the real and virtual contributions to the interaction of the two gluons is 
usually called the BFKL or Lipatov kernel. Transforming this kernel to transverse position 
space one finds that it is invariant under Mobius transformations in that two-dimensional 
space [24]. As a consequence it is possible to find the eigenfunctions E h of the kernel in 
transverse position space and to classify them according to their conformal weight h. The 
lowest eigenvalue, obtained for h = 1/2, gives rise to the leading behavior s q bfkl-i Q f 
cross section at high energies. It is determined by the intercept of the BFKL Pomeron, 
"bfkl = 1 + (iV c a s /7r)41og 2. 

In the LLA the BFKL kernel consists of diagrams that involve only gluons but no 
quarks. Only in the NLLA, that is if one includes terms of the order a s (a s logs) n , quark 
loops occur in the QCD case [45, 46]. It is therefore clear that the BFKL kernel in the LLA 
is not affected if we consider a gauge theory with adjoint instead of fundamental quarks. 
In the LLA it is only the impact factor BWo) which differs from the one in QCD with 
fundamental quarks, as we have discussed in section 3. For the NLL corrections to the 
BFKL equation in M = 4 SYM see [47, 48]. 

4.2 More gluons: BKP equations 

In a straightforward generalization of the BFKL equation, referred to as the GLLA, one 
considers exchanges of more gluons in the t-channel, still keeping the number n of gluons 
fixed during the evolution. The corresponding n-gluon amplitudes are described by the 
BKP equations [4, 5] which resum terms containing the maximally possible number of 
logarithms for a given fixed n. These BKP states appear in several places (see further 
below), and we briefly summarize their most important properties. In leading order, this 
equation can be written completely in terms of the gluon trajectory function (5 and of 
the kernel i^2-+2 of (4.3) that occurred already in the BFKL equation. It is therefore 
immediately clear that, at the leading logarithmic level, also the BKP equation is identical 
in QCD with fundamental quarks and in N = 4 SYM. 

Let us consider amplitudes B n describing the production of n gluons in the ^-channel, 
similar to the BFKL amplitude D2 above. The BKP equation for the amplitude B n in 
M = 4 SYM reads 



to 



where now the amplitude carries n color labels dj. Again the evolution starts with some ini- 
tial condition, B/ n;0 ), given by an impact factor or by a transition from another multigluon 
state (see below). The sum extends over all pairwise interactions of the n gluons. The ker- 
nel (4.3) has to be interpreted such that only the two gluons participating in the respective 
interaction enter the kernel, while the other n — 2 gluons do not change their color nor their 
momentum. We can illustrate the BKP equation graphically (for the example n = 4) as 



J>(k.) I I = QW) +£ 




(4.6) 
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Here the BKP equation is written for amplitudes B n with multiple cuts, that is one takes 
n — 1 discontinuities corresponding to the energy variables defined from the four-momentum 
of the incoming photon and those of the first i gluons, Sj = (q + Ylj=i ^j) 2 , with 1 < ^ < 
n — 1. As a consequence of this the i-channel gluons do not cross each other and the 
s-channel gluons exchanged between them via the kernels K2^2 are on-shell. 

In NLLA the BKP equation will be different for QCD and N = 4 SYM. The fermionic 
contribution to the NLL terms can be obtained by replacing the gluon trajectory and the 
real part K<i^2 of the BFKL kernel by the corresponding next-to-leading QCD expressions, 
with the quarks taken in the representation under consideration. However, in addition also 
a new kernel will appear, -^3^3, which has not been computed yet. 

Let us recall here that in the large- N c limit the Hamiltonian corresponding to the BKP 
equation is integrable [27]. More precisely, it is equivalent to the XXX-Heisenberg model of 
SL(2, C) spin zero [28, 29]. At large N c the leading terms in the BKP equation are those in 
which the integral kernel acts only on neighboring gluons i and i + 1 with periodic boundary 
conditions. The color structure simplifies such that each pair of neighboring gluons is in 
a color octet state. For the six-point .R-current correlator, however, we will show that the 
large- N c limit suppresses the BKP states. For the rest of the paper we will stay with finite 
N c , and only at the end we will consider the large- N c limit. 

4.3 Changing the number of gluons: coupled integral equations 

In order to compute the sum of diagrams that contribute to the six-point function (exam- 
ples have been given in figure 2) we need to couple amplitudes with 2, 3, and 4 gluons, 
B (2;0)' D "3;0) a3 ' and ^of 3 " 4 ■ lt is beyond the scope of the present paper to describe in 
full detail how the relevant n-gluon amplitudes D n are obtained from multi-particle scat- 
tering amplitudes by applying suitable discontinuities similar to the ones mentioned in the 
previous section below eq. (4.6). A more detailed account of this procedure has been given 
in [8] for the example of the four- gluon amplitude D4. 

In the following we simply write down the integral equations for the n-gluon amplitudes 
which arise in the so-called extended GLLA, or EGLLA. This approximation scheme can 
be characterized as resumming the maximally possible number of logarithms for a given 
number of t-channel gluons n the production of which is described by an amplitude B n , 
with number-changing transitions being allowed. For the details of the EGLLA we refer 
the reader to [9, 49]. Various aspects of the EGLLA have been studied in [50]-[61]. 

Let us now consider the integral equations of the EGLLA for the amplitudes P n for 
N = 4 SYM and discuss the elements entering them in more detail. For up to n = 4 gluons 
in the i-channel these coupled integral equations read 

~ Y ^ ki ^j D 2 lfl2 = D g;0) + K 2 h l7 {a} ® n l lb2 ( 4 - 7 ) 
^ ~ Yl P( ki ^J D 3 ia2a3 = P "3;0) 03 + K 2 b 2T ia} ® ^2 b2 + Yj ^l^^ ® ^3 b2b3 (4-8) 
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+ s ^r 14 ® © 6i 626364 . (4.9) 

As in the case of the BKP equations the kernels K^}^ ^ nave to be interpreted in such 
a way that only two gluons undergo an interaction resulting in m gluons, while the other 
gluons of the amplitude to which the kernel is applied keep their momentum and color. 
It is straightforward to obtain the integral equations for the higher n-gluon amplitudes 
following the above pattern. In appendix B we discuss the case n = 5. 

The lowest order terms D( n;0 ) describe the coupling of n gluons to the .R-currents, as 
discussed in detail in section 3 above. The trajectory function (3 is the one given in eq. 
(4.4), while we define the transition kernel from 2 to m gluons that occurs in the integral 
equations as 



^^(li^ki,...,^) 

9 /biaifei fkia,2k2 • ■ ■ fk m -ia m b2 



l 2 (k 2 + ---+k m ) 2 , lfll(k 2 + ... +k m _ 1 



ki + ■ ■ ■ + k m ) 2 - 
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l^(ki + --- + k m _i) 2 
(k m - h) 2 



li ) 2 



+ 



li) 2 (k r , 



(4.10) 



where the fki m are again the structure constants of su(iV c ). Note that for m = 2 the 
definition (4.10) reduces 4 to the kernel K 2 ^2 of (4.3) which occurred in the BFKL and in 
the BKP equations. We stress that these kernels do not depend on the color representation 
of the quarks, and are therefore exactly the same as in QCD with fundamental quarks. 
As in the BFKL equation, fermionic and scalar contributions enter the kernels only at the 
next-to-leading level. 

As in the BFKL and BKP equations the convolution symbol <S> stands for an integration 
over the loop momentum with the measure [(27r) 3 lf l 2 .] -1 , and here we have the condition 
that li + I2 = ki + • ■ ■ + k m in (4.10). We write the kernel (4.10) diagrammatically as 



k 1 ,a 1 



km 5 &n 



(4.11) 



With the help of the diagrammatic representation (4.11) of the kernels we can write 
the hierarchy of coupled integral equations of the EGLLA in a more intuitive diagrammatic 



4 In this case the last term in square brackets in eq. (4.10) is understood to vanish by definition. 
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(4.12) 



(4.13) 
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(4.14) 



The sums in the integral equations extend over all possible permutations of the gluon lines 
in the t-channel under the condition that these lines do not cross each other. For a more 
detailed description of this point including explicit examples we refer the reader to [9]. Note 
that in each diagram only two of the gluons enter the interaction defined by the kernel. 
The momenta and color labels of the other gluons are not affected by the kernel. 

The integral equations eqs. (4.7)-(4.9) form the basis of our analysis in the following 
sections. Our strategy will be to relate certain parts of the amplitudes for the case of 
N = 4 SYM to the amplitudes of QCD with fundamental quarks, and to invoke known 
results of the QCD case. The difference between the amplitudes for the two theories clearly 
originates from the different impact factors. 



5. Solutions for D 3 and D 4 

In order to find solutions for the amplitudes D3 and D4 we will make use of the results 
obtained in section 3 for the impact factors EV n; o)- In the case of two gluons, the amplitude 
B 2 is given by the BFKL Pomeron Green's function, convoluted with the two-gluon impact 
factor D(2 ; o)- I n particular, for the fermionic part Df,2> that is the one with only a fermionic 
loop in the impact factor, we have the simple relation 

D F)2 (ki,k 2 ) = 2JV c 12 J D 2 (ki,k 2 ). (5.1) 

which is an immediate consequence of the fact that the BFKL equation with a fundamental 
impact factor differs from eq. (4.1) only by a relative factor in the impact factor. 

Considering then the three-gluon amplitude D3, we observe that the three-gluon impact 
factor D(3 ; o) is related to the two-gluon impact factor D( 2; o) m exactly the same way as 
-D( 3;0 ) was related to -D( 2; o) i n QCD with fundamental quarks, see eqs. (3.18) and (3.19). 
One can then easily verify that the solution to the integral equation (4.8) is given by 

D£ ia2a3 (ki,k 2 , k 3 ) = \gf aia2 a, [B 2 (12, 3) - D 2 (13, 2) + B 2 (l, 23)] , (5.2) 



in complete analogy to the case of QCD with fundamental quarks treated in [6,8]. (Through- 
out this section we again make use of the notation (3.20).) We emphasize that this re- 
sult holds for the complete amplitude with the impact factors containing now the sum of 
fermionic and scalar loops. Note that also in the full amplitude we observe reggeization. 
The amplitude B3 is a superposition of two-gluon amplitudes B 2 in each of which one gluon 
is composed of two gluons at the same position in transverse space (or, equivalently, the 
amplitude depends only on the sum of their transverse momenta). In other words, such a 
pair of gluons at the same point in transverse space acts like a single gluon, in this way 
forming a so-called reggeized gluon. One can actually show that a self-consistent solution 
is found only if all gluons exchanged in the i-channel are reggeized. What we observe 
in the amplitude O3 is a perturbative expansion of the reggeized gluon in terms of more 
'elementary gluons' to the first non-trivial order, or in other words a higher (two-particle) 
Fock state of the reggeized gluon. For a more detailed discussion of reggeization in the 
EGLLA sec [56]. 

While in the three-gluon case the full amplitude has the same color structure and 
dependence on the gluon momenta as the impact factor (compare eqs. (3.18) and (5.2)) 
the structure becomes more interesting already when we consider four gluons. We have 
found in section 3 that in N = 4 SYM the impact factor with four gluons B( 4;0 ) consists 
of two parts exhibited in (3.24) and (3.31): one which can be expressed in terms of the 
adjoint two-gluon impact factor B( 2; o) m exactly the same way as the fundamental four- 
gluon impact factor D(4 ; o) was expressed in terms of D ( 2;0 ) (compare eqs. (3.24) and (3.31) 
to (3.23)), and a new additional part B( 4;0 ) dir , see eq. (3.33). Both parts have a fermionic 
contribution and a scalar contribution. The similarity of the first part to the case of QCD 
with fundamental quarks suggests to attack the integral equation (4.9) for B4 in the same 
way as was done in [6, 7, 8] for the case of D4. We hence split B4 into two parts 

B 4 = Bf + B 4 , (5.3) 

and make an ansatz for the so-called reggeizing part B^. Similarly to the case of three 
gluons above this ansatz is obtained from the first parts of the impact factors (3.24) and 
(3.31) by replacing the lowest order terms B( 2; o) by full amplitudes H>f,2 and Bs j2 while 
keeping the color and momentum structure. Adding the fermionic and scalar contributions 
we have 

Bf aia2a3a4 (k 1 ,k 2 ,k 3 ,k 4 ) 

= - g 2 d aia2a3a4 [B 2 (123, 4) + B 2 (l, 234) - B 2 (14, 23)] 

- g 2 d a2aiaaai [B 2 (134, 2) + B 2 (124, 3) - B 2 (12, 34) - B 2 (13, 24)] . (5.4) 

We will discuss its reggeizing structure later, see the discussion of eq. (5.11) below. Inserting 
now (5.3) with (5.4) in the integral equation (4.9) one can derive a new integral equation 
for the remaining part B 4 . The procedure for this is exactly the same as in the case of 
fundamental quarks (for a detailed description we refer the reader to [9]). This complete 
analogy allows us to use the results of [6, 7, 8]. We find that B 4 satisfies the integral 
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equation 




: ia2a3a4 (k 1 ,k 2 ,k 3 ,k 4 ) = v 2 Z7 asa4 ^2 + ^Z 4 



+ Y, K ^2 {a} ^K lb2b:ib \ (5-5) 



where V2— >4 is exactly the same two-to-four gluon transition vertex which was derived in 
[8]. V2->4 acts as an integral operator on the two-gluon amplitude D 2 and thus couples 
it to the four-gluon BKP state. The vertex can be written in terms of an infrared-finite 
function V as 

V^r 3a4 (H'},ki,k 2 ,k3,k 4 ) = <5 aia2 (5 a3a4 F({q iJ },k 1 ,k 2 ;k3,k4) 

+ ^({qi}i k li k 3; k 2,k4) 

+ F({q j },k 1 ,k 4 ;k 2 ,k 3 ), (5.6) 

where the qj are the transverse momenta of the two gluons in the amplitude D 2 . The 
vertex V2->4 is hence completely symmetric in the four outgoing gluons, that is under the 
simultaneous exchange of their color labels and momenta. An important property of this 
transition vertex is that upon Fourier transformation to two-dimensional impact parameter 
space it is invariant under conformal (Mobius) transformations in the transverse plane 
[25]. Another important property of the two-to-four gluon vertex is that it vanishes if the 
transverse momentum of any of the outgoing gluons vanishes. Further properties of V 2 ^4 
have been found and discussed in [51, 54, 26, 57]. 

Note that the new integral equation (5.5) for D4 is a linear integral equation involving 
only the integral kernel -KT 2 ^ 2 of the four-gluon BKP equation, compare eq. (4.5). The 
terms involving if 2 _ >4 <8> D 2 and -ftT 2 ^3 <8> ©3 present in the original integral equation (4.9) 
have disappeared in favor of V 2 ^4 <8> D 2 . The latter has now become a contribution to the 
inhomogeneous term in the linear equation for D4. Since the equation (5.5) is linear and 
its inhomogeneous term is a sum of two terms we can write its solution as a sum, 

B 4 = Bi + P 4 dir, (5.7) 

with the two parts satisfying 

~ P( ki ^J ^ aia2a3a4 (ki, k 2 , k 3 , k 4 ) = y 2 a ™ a4 D 2 +J^ K^ {a} m{ blb2bzbi (5.8) 

and 

(u - X>( k *)) ^r 3a4 ( k i ) k 2 5 k 3 ,k 4 ) = B™ a4 + £*2 { 2r W ® O^f 364 , (5.9) 

respectively. In both equations the inhomogeneous terms are known so that the solution 
can formally be obtained by iteration of the integral kernel K<i-^i- 
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The amplitude D4 in eq. (5.8) is well known from the four-gluon amplitude in QCD 
with fundamental quarks. More precisely, there one can split the amplitude -D4 according 
to D4 = and D{ satisfies the same equation (5.8) as W A here. The two amplitudes 

are in fact proportional to each other, D4 = 2N C RD{, and the relative factor originates 
only from the impact factor. As one can see from the iterative solution of eq. (5.8), D4 
contains a two-gluon state which couples to the impact factor and then at some point 
undergoes a transition to a four-gluon state. The vertex V2— >4 describing this transition is 
local in rapidity. 

The last part lB>4dir of the four-gluon amplitude B4 is new in the supersymmetric theory 
and originates from the fact that particles inside the loop are in the adjoint representation. 
It has a simple structure as can be read off from the integral equation (5.9): it consists 
of a four-gluon BKP state that is directly coupled to the loop of adjoint fermions and 
scalars, and the coupling is just given by the additional term D(4 ; o)dir °f ec L- (3.25) and the 
scalar analog of that equation. For the case of five t-channel gluons, addressed in appendix 
B, it can be further shown, that the additional term that arises there due to the adjoint 
representation reggeizes in terms of D4di r) m the very same way as B3 reggeizes in terms 
of D 2 - 

In summary, we have decomposed the four-gluon amplitude D4 into three parts, 



Df + : 



"4dir ■ 



(5.10) 



and have been able to derive their structure 5 . We can illustrate these three parts graphically 
in the following way: 



-E 



+ 



(4;0) dir 



+ 



V^4 



A A 



(5.11) 



The first term Bf, which we have not yet discussed in detail here, is again a reggeizing term, 
namely a superposition of two-gluon amplitudes O2 • The sum extends over all possible (that 
is seven) partitions of the four gluons into two non-empty sets, see eq. (5.4). In each of 
these terms several gluons are at the same point in transverse space and form a reggeized 
gluon that carries the sum of their transverse momenta. As in the case of the three-gluon 
amplitude B3 (5.2) we can interpret these composite gluons as representing higher Fock 
states of the reggeized gluon. An interesting aspect of reggeization is the color structure 
that is associated with this process. Recall that in the three-gluon amplitude B3 (5.2) this 
combination of two gluons into a more composite gluon always came with a /-structure 



5 In [36, 62] it has been found that for the large- N c expansion of the six-point amplitude in topologies 
of two-dimensional surfaces the above decomposition occurs automatically, as a consequence of different 
classes of color structures. 
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constant of the S\J(N C ) gauge group. In the reggeizing part D4 of the four-gluon amplitude 
we see also other contributions, namely a (i-tensor of type (3.21) for the combination of 
three gluons into one, and also d-type symmetric structure constants and even (5-tensors for 
the combination of two gluons into one. The latter are obtained from the decomposition 
(A. 6) of the d abcd -tensor given in appendix A. A more detailed discussion of these color 
tensors in the context of reggeization was given in [56]. 

In the second term in eq. (5.11), D4, two gluons couple to the impact factor, interact 
according to BFKL evolution, then undergo a transition to four gluons via the vertex V2-»4, 
and finally these four gluons interact pairwise according to BKP evolution. In the third 
term, ©4dir, four gluons couple directly to the fermion and scalar loop and then interact 
pairwise according to BKP evolution, without a transition vertex in the evolution. Both 
the first and second term are present already in QCD with fundamental quarks. In M = 4 
SYM only their normalization is different, being (2N C R) times that of the corresponding 
terms for QCD with fundamental quarks. The third term occurs only in theories with 
adjoint particles, here fermions and scalars in N = 4 SYM. 

A crucial step towards a better understanding of the n-gluon amplitudes D n in QCD 
was the observation that they exhibit the structure of a field theory of gluon exchanges, 
and the same observation applies to our results for J\f = 4 SYM. There are n-gluon states 
with fixed numbers of reggeized gluons in the i-channel, for example the two-gluon state 
and the four-gluon state. In addition there are transition vertices coupling those states to 
each other, like for example the two-to-four gluon transition vertex V^-^. This structure 
has been verified in the explicit calculation of the amplitudes with up to six gluons [9] . In 
the six-gluon case a new transition vertex from two to six gluons occurs which contains a 
Pomeron-Odderon-Odderon coupling as well as a one-to-three Pomeron transition. In the 
Pomeron channel it turns out that only n-gluon states with even numbers n of gluons occur. 
The amplitudes D n with odd n reggeize and are hence superpositions of amplitudes with 
less and even numbers of gluons. (In the appendix we show that this pattern continues for 
5 gluons also in N = 4 SYM.) 

The amplitudes in the Pomeron channel hence consist of only very few elements, namely 
states of even numbers of reggeized gluons and transition vertices between them. All of 
these elements of the field theory of reggeized gluon exchanges possess two important 
properties: firstly, they are completely symmetric in the exchange of any two gluons, and 
secondly, they vanish when any of the transverse gluon momenta is set to zero. This 
property holds for the two-to-four gluon vertex V2->4, as we have pointed out above, and 
it also holds for the two-to-six gluon transition vertex [9]. The same holds also for the 
n-gluon states, once they are coupled to an element that fulfills these two conditions. It is 
therefore plausible to regard also the impact factor with two-gluons -D(2 ; o) as a fundamental 
element of our field theory. As we have pointed out in section 3 it in fact satisfies these 
conditions. Moreover, all higher impact factors with fundamental quarks could be expressed 
as superpositions of D^-o) ; thus exhibiting reggeization, see again section 3. 

Furthermore, and from a theoretical point of view most importantly, all elements of 
the field theory are conformally invariant, that is they are invariant under Mobius transfor- 
mations of the gluon coordinates in two-dimensional impact parameter space. Hence the 
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complete amplitudes exhibit the structure of an effective conformal field theory of reggeized 
gluon exchanges at high energy. 

Let us now return to N = 4 SYM and let us reconsider our results in the light of their 
interpretation in the framework of such an effective conformal field theory. The two- and the 
three-gluon amplitudes behave as the corresponding amplitudes in QCD with fundamental 
quarks and hence share their properties regarding the field theory structure. In particular 
we have found the absence of an actual three-gluon state in D3 due to reggeization. The first 
two terms of the four-gluon amplitude B4 in eq. (5.11) reproduce exactly the structure of 
the amplitude D4 in QCD with fundamental quarks, and hence have the same field theory 
structure discussed above. The new term ID>4dir contains again the four-gluon state in the 
t-channel with properties that fit the field theory structure. But in addition it contains as a 
new element the direct coupling D(4 ; o) dir °f the- four gluons to the impact factor consisting 
of adjoint fermions and scalars. Inspection of its explicit structure quickly shows that it is 
symmetric under the exchange of any two gluons, and that it vanishes if one of the gluon 
momenta vanishes, see eq. (3.26). Therefore the new contribution to the four-gluon impact 
factor satisfies the expectations that we have for a new element of our field theory. 

6. The six-point amplitude 

Collecting the results of the previous sections, we now return to the six-point amplitude 
defined in section 2. As we have explained before, the partial wave F(coi,U2,uj;ti,t2,t) is 
obtained as a convolution of the three amplitudes ©4(0;), ©2(^1), and 1D>2(w2)- In order 
to formulate this convolution correctly, we have to say a few words on the counting of 
diagrams [8]. 

Let us return, in figure 2, to the branching vertex. Moving from the top to the bottom, 
it is the last interaction between the two subsystems (12) and (34). Below this vertex, the 
system of gluons has split into two non-interacting two-gluon states. This 'last' vertex 
can be one of the 2^2 interactions inside the gluon pairs (23), (13), (24), or (14), but 
not inside (12) or (34). Also, it could be one of the four 2^3 kernels or the 2^4 
kernel. Apart from that, there exists also the possibility that the two BFKL Pomerons 
couple directly to the upper i?-current impact factor which then provides the branching 
vertex. Comparing with the integral equation for ©4(0;), eq. (4.9), we see that the diagrams 
summed by means of these equations include also, as the final interactions, those inside 
(12) and (34). For the calculation of the partial wave F(ui,u>2,uj;ti,t2,t) we therefore 
have to subtract them. Following closely the treatment in [8], we obtain the partial wave 
as the convolution 

F(wi,o*2,a;;ti,t2,*) =4B^ ia2 (^i) ® 12 B^ a4 (w 2 )® 3 4 

%;0) M + K 2-U ®^>2 M 

+ E K 2 b l7 {a} ® ^3 lb2b3 M + E ' K 2 h l7 [a} ® ^4 lM3b4 M > 

(6.1) 



- 30 - 



where the prime on the sum over the 2^2 transitions in the last line indicates that in- 
teractions inside the gluon-pairs (12) and (34) are not included. B(4 ;0 ) 3 4 (<^) is the Mellin 
transform of the unintegrated four-gluon impact factor. The latter appears if we do not 
have s-channel gluons. As long as we have one or more s-channel gluons that contribute to 
the discontinuity in M 2 , in addition to the adjoint particle pair in the loop, the invariant 
mass of the two particles in the loop is integrated over and the integration is included in the 
definition of the impact factor B( 4;0 ) (see eq. (3.14)). Without such s-channel gluons the 
mass of the adjoint particle pair coincides with the diffractive mass M that is a fixed exter- 
nal parameter. In this case the coupling of the four t-channel gluons to the quark and scalar 
loop is given by an 'unintegrated' four-gluon impact factor D^°^ tegrated (ki , k 2 , k3, IC4; M 2 ) 
which carries an explicit M 2 -dependence. It can be written as a (unsubtracted) dispersion 
relation in M 2 , and the discontinuity in M 2 entering this dispersion relation follows from the 
triple discontinuities discussed in this paper. For simplicity, we denote this discontinuity 
simply by disc M2 Z)J 1 4 ^ tegrated (k 1 , k 2 , k 3 , k 4 ; M 2 ) = D (4;0) (k 1 , k 2 , k 3 , k 4 ; M 2 ). The Mellin 

transform in M 2 of this unintegrated impact factor .D( 4;0 )(ki,k 2 ,k3,k 4 ;u;) which enters 
the partial wave (6.1) also follows from the M 2 -discontinuity, Z)( 4;0 ) (k 4 , k 2 , k3, k 4 ; M 2 ). 

However, apart from these two peculiarities, the second line of eq. (6.1) is nothing but 
the r.h.s. of eq. (4.9), the integral equation for B 4 . We therefore obtain 



F(wi,W2,u;;ti,t2,t) = 4B 2 iia2 (w i ) ® i2 B^ 4 ^) ® 34 



»(4;0) M 



\ i J (12),(34) 

(6.2) 

Using for the last term of the second line the integral equations for B 2 (wi) and B 2 (oj 2 ) we 
finally find 

F(uj 1 ,oj 2 ,oj;t ll t 2 ,t) =4D 2 !ia2 (^i) ® 12 B 2 3a4 (w 2 )® 3 4 

(B^ 4 M + («-«!- u J2 )Or 2aaa4 M) , (6-3) 

where we dropped terms that do not depend on to, u\ or uj 2 and which give only a vanishing 
contribution to the six-point amplitude (2.6). Following now the decomposition (5.10) for 
B 4 (oj), the partial wave consists of three pieces: 

F = F R + F 1 + F diT . (6.4) 

Beginning with F R we have 
F R {u u u 2 ,0J-M,t 2 ,t) 



4B 2 tia2 ( Wl )0 12 B 2 !3a > 2 ) 034 (b^™ 4 ^) + (w - wi - w 2 )Bf " l " J " :, "'U- 



(6.5) 
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34 

(6.8) 



It is possible to rewrite this in a more intuitive way. We introduce the 'disconnected' vertex 
function V disc (l x , h ; ki , k 2 , k 3 , k 4 ) , 

y disc (l 1 ,l 2 ;k 1 ,k 2 ,k3,k 4 ) 

= -gHjll [5 (2) (li - ki - k 2 - k 3 ) + 5 (2) (li - ki - k 2 - k 4 ) + <5 (2) (li - k x - k 3 - k 4 ) 
+ <j( 2 )(li - k 2 - k 3 - k 4 ) - ^(li - ki - k 2 ) - (5^(11 - ki - k 3 ) 
-5 (2) (li-ki-k 4 )" , 

(6.6) 

and use for the color factor 

C = -W^ 1 ™ 4 = ^(N! - l) 2 , (6.7) 

such that we arrive at 

F R (u} 1 ,w 2 ,w;t 1 ,t 2 ,t) =4CD 2 (wi) ® 12 B 2 (lu 2 )® 

(b^^H + (u, - U! - L0 2 ) V^ C ® D 2 H) 

For F 1 we have 

F J (wi,W2,w;ti,*2,t) = 4B 2 iia2 (cJi) ® 12 P 2 3a4 (^ 2 )® 34 

where the sum in the last term extends over the pairs (13), (14), (23), and (24) and we 
made use of the integral equation for B 4 (u;) (see eq. (5.5)) and for B 2 (u;i) and B 2 (u; 2 ). In 
a similar way we obtain for F dir 

F dil (Lu 1 ,LU2,Lo;t 1 ,t 2 ,t) = 4B 2 tia2 M ® 12 B? a4 (u; 2 )® 34 

(®mZ 4 M + £'*£r w ® Kt b3b ^)) (6 ' 10) 

The structure of the unintegrated four-gluon impact factor with fermions in the fundamen- 
tal representation of SU(N C ) in the loop, for the case t = t\ = t 2 = 0, has been given in 
[8]. For our analysis we define 

-aia 2 a 3 a4 ~Ra 1 a 2 a 3 a4 -01021314 /n -n\ 

%;0) = %0) +%;0)dir (6-H) 

with 
and 

^(4;0)dir * = 27V~ ^ aia2 Sasa4 + ^i a 3^2a 4 + £aia 4 <W 3 ) (%,(4;0) + ^F,(4;0)) ■ (6-13) 
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The results are 
B^ 4;0) (k,-k,k',-k';M 2 ) 



2 (2vr)3y 



da / cf la(a - l)£(a(l - a)M 2 - 1 ) 



D(l + k) D(l-k) £>(1) 

( 1 + k ' + _ 2 _L > \ • 6 (*') 

V^(l + k') D(l-k') £>(!),/ 



D(l + k) D(l-k) D(\)J \D{\ + \s!) L>(l-k') D{\) 

6 w W 1 + k *- k 2 1 W 1 + k/ i L - k/ - 1 



D(l + k) D(l-k) D(l)y V^C 1 + k D{\-\s!) £>(1) 

(6.14) 

for transversely polarized i?-currents, and 

D^ 4;0) (k, -k,k',-k';M 2 ) 

M 2 f' 1 f 

= -2g i N c Q 2 j—^J^ da J d 2 \a\a - l)H{a(l - a)M 2 - \ 2 ) (6 15) 

1 1 2 \ ( 1 1 

+ 



,r>(l + k) £>(l-k) D(\)J \D(l + k>) D(l-k') 
for longitudinally polarized /^-currents. The denominators in these expressions are 

D(k) = a(l - a)Q 2 + k 2 . (6.16) 

Similarly, the scalar contributions to the unintegrated four-gluon impact factor are 

D^ 4;0) (k,-k,k',-k';M 2 ) 

= 2g A N c I da I d 2 \ a 2 {a - \) 2 5{a{\ - a)M 2 - l 2 ) 

(27TJ J Q J 

< e W • ^ 1 + k + ^ k _ 2 _U ( 1 + k/ + ^ k/ - 2-M • e <*> 
\D(l + k) D(l-k) L>(1)/ VD(l + k') .0(1 -k') 

(6.17) 



and 



Si(4 . 0) (k, -k,k',-k';M 2 ) 

M 2 Z" 1 /" 

= 2/iV c Q 2 -^3 ^ da y d 2 l (a - l/2) 2 a 2 (a - l) 2 5(a(l - a)M 2 - l 2 ) (6 lg) 

/ 1 1 2_\ / 1 1 2_\ 

X VD(l + k) + D{\-k) D(l)J \D(l + k') + D(l-k') D(l)y' 

In the forward case t = t\ = £2 = 0, E^^i) = 1^2 (k, — k, wi) = D2(k 2 ,ciJi) and 
i(u>2) = ID ) 2(k', — k', UJ2) = D2(k /2 ,u;2), i.e. the complete dependence on the azimuthal 



- 33 - 



angle of the momenta k and k' is inside the unintegrated impact factors. After integration 
over the angles of the momenta 1, k, and k', the sum of fermionic and scalar contributions 
simplifies. The results are 

D^)(k 2 ,k' 2 ;M 2 ) = 

= ^<W t daI v (k 2 ,a,M 2 )I v (k' 2 ,a,M 2 ) (6.19) 



and 



&(k 2 ,k' 2 ;M 2 ) = 



JlteJ ^K(4;0)(k,-k,k^-k';M 2 )+D 5(4 . 0) (k,-k,k^-k / ;M 2 ) 



g 4 N c 



[ daa 2 (l-a) 2 I s (k 2 ,a,M 2 )I s {k' 2 ,a,M 2 ). (6.20) 
Jo 



4 

Here we have defined 
1 w,2 ,„2> r 2 * d <P ( ! + k . !" k o 1 



I v (k 2 ,a,M 2 ) = — 1- : , -2- 



l 2 v ' ' 'Jo 2vrV^(l + k) D(l-k) £>(1) 

1 (Q 2 -M 2 k 2 + q(1 - a)(Q 2 - M 2 ) 



l 2 \ V Q 2 + M 2 ^/(k 2 + a(l - a){Q 2 - M 2 )) 2 + 4a 2 (l - a) 2 M 2 Q 2 / 

(6.21) 



and 

/ s (k 2 ,a,M 2 ) = V^Q 2 fj ^ ( TTTTTTa + ' 



2 



2vr V^O + k) ^0-k) £>(1), 

TM 2 ^ 2 V r M 2 Q 2 



^(k 2 + q(1 - q)(Q 2 - M 2 )) 2 + 4a 2 (l - a) 2 M 2 Q 2 a(l - a)(Q 2 + M 2 ) J ' 

(6.22) 



and (¥>k') denotes the angle of the vector k (k'), while the 5- function has been used to 
set l 2 = a(l - a)M 2 . 

We expect that the results found above will be useful for a detailed comparison with 
similar amplitudes calculated on the supergravity side of the AdS/CFT correspondence 
[63]. 

Let us finally comment on the large--/V c limit. Beginning with the first term, F R , we 
observe in eq. (6.5) that the color factor C goes as N%/2, see (6.7). It may also be useful 
to note that, making use of the Mobius representation of the BFKL amplitude, in eq. (6.6) 
only the last two terms contribute. In our result for F 1 , on the r.h.s. of eq. (6.9) the terms 
with the 2^2 kernels are color suppressed, and as a result the two BFKL amplitudes 
©2(^1) and 10)2(0^2) are directly attached to the triple Pomeron vertex. Finally, for i ?dir in 
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eq. (6.10), again the terms with the 2^2 kernels are color suppressed, and the BFKL 
Pomerons couple directly to the new piece in the impact factor, D(4 ; o)dir- 

Diagrammatically, the three pieces F R , F 1 , and F dn are illustrated in figure 11. As 
a result of the large- iV c limit, the BKP four-gluon states which had been present for finite 
N c have disappeared: in order to find such states for large N c it would be necessary to go 
to higher order i?-current correlators. 




F R 

Figure 11: Large- N c limit of the six-point function 

Compared to non-supersymmetric SU(iV c ) gauge theories with fundamental quarks, 
the most striking difference is the presence of the last piece which exists only in the su- 
persymmetric extension where all particles are in the adjoint representation. The triple 
Pomeron vertex, on the other hand, is the same in both cases. A detailed discussion of 
the topological expansion of the triple Pomeron vertex in the amplitudes above and its 
large- N c behavior has been given in [36, 62]. 

7. Summary and outlook 

In this paper we have studied, in the generalized leading logarithmic approximation, the 
high energy behavior of N = 4 SYM in the triple Regge limit. It is this kinematic regime 
which, in QCD, exhibits the Mobius invariant triple Pomeron vertex. As the main result, 
we have found that in N = 4 SYM, with the fermions and scalars belonging to the adjoint 
representation of the gauge group SU(iV c ), the four-gluon impact factor contains a novel 
piece whose existence can be traced back to the adjoint representation of the fermions and 
scalars. It has no counterpart in QCD where the quarks transform in the fundamental 
representation of the gauge group. In the six-point amplitude, this additional piece in the 
impact factor generates a coupling of the four-gluon state to the external currents which is 
absent in QCD. On the other hand, the triple Pomeron vertex in N = 4 SYM, in leading 
order, is the same as in the non-supersymmetric case. This supports the fundamental 
nature of this building block of Reggeon field theory: because of Regge factorization it has 
to be independent of the coupling to the external projectiles. In our case, this coupling 
is mediated by the impact factors in which the difference between N = 4 SYM and non- 
supersymmetric QCD is manifest: the fact that in both cases the triple Pomeron vertex is 
the same proves that factorization is indeed satisfied. 
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A. Color algebra 

In the calculations in section 3 and in appendix B we make use of the following S\J(N C ) 
color identities, 

flakfkbl = -N c 5 ab , (A.l) 

fkalflbrnfmck — ^ fabc i (^-2) 

fkalflbmfmcnfndk = N c d abcd + - (S a bS c d + Sachd + Sadfac) , (A. 3) 

fkal flbm fmcn fndofoek = N c f 

+ -^{Sabfcde + ^acfbde + ^adfbce + ^aefbcd 
+ fadehc + facehd + facd^be + fabe^cd 
+ fabd^ce + fabcbde) , (A.4) 

where the tensors d abcd and f abcde are defined in (3.21) and (B.l), respectively. The first 
three identities are well-known while the last one has been derived in [9]. That paper 
also contains a description of a general and convenient way to obtain such identities using 
birdtrack notation. 

It is worth pointing out that the relevant color tensors for the adjoint impact factors 
in the Pomeron channel satisfy 

tr (T ai ...T an ) + (-l) n tr(T a ™ ...T ai ) = 2tr (T ai ...T a ") . (A.5) 

We finally note that the ci-tensor of (3.21) can be decomposed according to 

d abCd = -^-j-$ab$cd + j{d a bkdkcd - fabkfkcd) ■ (A. 6) 

B. The five-gluon amplitude 

In this appendix we would like to investigate the five-gluon amplitude in J\f = 4 SYM in 
the EGLLA. The main focus of this paper has been the four-gluon amplitude relevant for 
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the six-point .R-current correlator. The considerations in the present and in the following 
appendix C aim at a better understanding of the field theory structure of the amplitudes 
in the EGLLA. The main properties of that structure and its relation to reggeization have 
been described in section 5 for the case of the four-gluon amplitude. Here we want to 
discuss the five-gluon amplitude. We will show that, as a consequence of reggeization, it 
can be written completely in terms of elements of the 2-dimensional effective field theory 
which have been found already in the four-gluon amplitude. 

Let us start with the five-gluon impact factor B( 5;0 ). I consists again of a fermionic 
and a scalar contribution. We follow the same steps as in section 3. In the case of five 
gluons the color tensors relevant for the impact factor in the fundamental representation 
(i. e. in QCD) are of the type 

jabcde = 1 j tr ^a t b t c t d t e^ _ ^ ^e^cfya^ (B.l) 

For the case of an impact factor consisting of a loop made of particles in the adjoint 
representation one obtains instead 

~[tr (^r ar r^T c T^T e ^) — tr (^ r p er r ( ^T c T b T a y\ 

= 2N c f abcde + - (5 ab f cde + bacfbde + Sadfbce + $aefbcd + facfade + $bdface 

+ hefacd + Scdfabe + &cefabd + &defabc) , (B.2) 

where we have used (A. 4) and (A. 5). Again, an additional color tensor structure occurs 
which was not present in the fundamental representation. For the fermionic contribution 
B_f,(5;0) to the impact factor this implies that we can decompose it into a part that is a 
multiple of the fundamental impact factor and an additional term as 

D «iga3a 4 a 5(ki)k2)k3)k4)k5) 
= 2N C R Z^™a 4 a 5 ( kl> k2> k8j k4) k5 ) + (Id, k 2 , k 3 , k 4 , k 5 ) . (B.3) 

With the help of the explicit expression for -D( 5;0 ) found in [9], 
^( 5 1 ; of 3a4a5 (ki,k 2 ,k 3 ,k4,k 5 ) (B.4) 
= - g 3 {f [D m (1234, 5) + D m (1, 2345) - £> (2 . 0) (15, 234)] 

+ f a 2 a ias a 4 a 5 [£> ^ 2) _ ^ ^ 345) + ^ ^ 34) _ ^ ^ 25)] 

+ r ia2a3asa4 [D m (1235, 4) - D (2 . 0) (14,235) +£> (2 . 0) (145,23) - £> (2 . 0) (123,45)] 
+ r ia2 ™ [£ (2;0 )(1245,3) - D {2;0) (13,245) + £> (2 . 0) (135,24) - D {2;0) (124, 35)]} , 

we can thus write 
D«i ( y5 (kl)k2jk3)k4jk5) 

= - g 3 {f a ^ am pD F)(2;0) (1234, 5) + D F(2 . 0) (1, 2345) - D F)(2 . 0) (15, 234)] 

+ f a 2ai a 3 a 4 a 5 [b^^ ( 13 4 5; 2 ) - B Fi(2;0) (12, 345) + D Fi(2;0) (125, 34) - D Fi(2;0) (134, 25)] 
+ fai a 2 a 3 a 5 a 4 []D ) Fi(2 . 0) (1235, 4) - B Fj(2;0) (14, 235) + D Fi(2;0) (145, 23) - D Fi(2;0 ) (123, 45)] 
+ fai a 2 a ia5 a 3 [B Fj(2;0) (1245, 3) - D Fi(2;0) (13, 245) + D Fi(2;0) (135, 24) - D Fi(2;0) (124, 35)] } 

+ ^go) dtr" 5 ( k L k 2, k 3, k 4 , k 5 ) (B.5) 
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The additional piece, II5,F,(5;0)dir> is obtained explicitly by replacing the different tensors of 
tyP e f abcde in eq. (B.4) by the additional color tensors emerging in eq. (B.2). A lengthy 
but straightforward calculation shows that the result can also be expressed in terms of the 
additional piece B( 4;0 ) dir found previously in the four-gluon amplitude (see eq. (3.24)) as 



= f [/ aia2C B-~ r (12,3,4,5) + / aia3C B~ B dir (13,2,4,5) 

+ f aia4 c B c ;^l iT (U, 2, 3, 5) + f aia5C 0~ 4 dir (15, 2, 3, 4) 
+ fa 2 a 3 c ^( 4 a ; 4 o) 5 dir (l, 23, 4, 5) + / a2 „ 4C ir (l, 24, 3, 5) 

+ W ^S 4 dir (l, 25, 3, 4) + f a3a4C B^ 5 dir (l, 2, 34, 5) 

+ /a 3 a 5C ^( 4 2 ; o) 4 dir (l,2, 35, 4) +/ a4a5C B^ ( a 4 2 ; a f dir (l,2,3,45)] . (B.6) 

It is straightforward to show that equations analogous to (B.5) and (B.6) are valid 
also for the scalar contribution ©5^5. ) to the impact factor, that is also the additional 
piece Bg^.Q) dir can be expressed in terms of the additional piece ID)s , ) (4;o)dir °f the four- 
gluon amplitude. Consequently, we obtain relations for the full impact factor B(5 ; o) = 
^F,(5 ; o) + ^s,(5;0) which are completely analogous to (B.5) and (B.6). More precisely, eq. 
(B.5) and eq. (B.6) are valid after dropping the index F in all terms. The second of these 
relations has been given explicitly for the full impact factor in eq. (3.34). 

This representation shows that the additional piece B( 5 . ) dir again exhibits reggeization. 
In each term in eq. (3.34) a pair of gluons in the color octet representation acts as a single 
gluon which enters the amplitude B( 4;0 )dir- I n a certain sense this gluon can be regarded 
as a composite object of the two gluons merging into it. The full expression for B( 5 . )di r is 
then obtained by summing over all possible pairs of gluons. We recall that the amplitude 
B( 4; o) dir is fully symmetric in its momentum and color arguments such that it is not relevant 
at which position the more composite gluon formed from the pair is inserted in B( 4;0 )dir- 

We can now put the picture derived form the three- and four-gluon amplitudes to the 
test by considering the integral equation for the five-gluon amplitude. According to the 
expected field theory structure we should find that the five-gluon amplitude B5 reggeizes, 
that means it should be possible to express it completely in terms of elements that are 
already present in the lower amplitudes. This should now in particular include B( 4;0 ) d ir 
which we have identified as a new element of our field theory. The evolution equation for 



^02030405 readg 




+ ^Er {a} ® ® b 3 ib2b3 + Yl K 2^ {a} ® ®l ib2b3b4 

+ J2 K^ {a} ® n b 5 lb2b3b4b5 , (B.7) 
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which can be graphically illustrated as 



1=1 




(5;0) ) + 



Do 



+£ 



D, 



(B.8) 



In view of the results found for the amplitudes with up to four gluons, and since the adjoint 
impact factor with five gluons (B.3) consists of a multiple of the fundamental impact factor 
and a new (additional) piece, it is natural to decompose the full amplitude B5 according 
to 

D 5 = 0^ + B^ + B 5d ir, (B.9) 

where the first two parts are multiples of the corresponding amplitudes D§ and D\ known 
from QCD with fundamental quarks. There, these two parts exhaust the full amplitude, 
whereas here we will have an additional part Bsdir- According to this picture we find, using 
the results of [9], 

Df aia2a3a4a5 (k 1 ,k 2 ,k 3 ,k 4 ,k 5 ) = (B.10) 
= - g 3 {f aia2a3a ^> [B 2 (1234, 5) + B 2 (l, 2345) - B 2 (15, 234)] 

D 2 (1345, 2) - B 2 (12, 345) + B 2 (125, 34) - B 2 (134, 25)] 
D 2 (1235, 4) - B 2 (14, 235) + B 2 (145, 23) - B 2 (123, 45)] 
D 2 (1245, 3) - B 2 (13, 245) + B 2 (135, 24) - D 2 (124, 35)]} 



_l_ £0,20,10,30,40,5 

_|_ yaiH2a3 a 5 a 4 
_|_ ^0102040503 



and 



»5 aia2a3a4a5 (ki,k 2 ,k 3 ,k4,k 5 ) 



§{/, 



„ , , I2C J 4 c ~ (12, 3, 4, 5) + f aia3C Bl c ~ (13, 2, 4, 5) 
\ mah (14, 2, 3, 5) + f aia5C Bi ca ^(l5, 2, 3, 4) 



+ /« 

+ /a 2 a 3 JD)l aica4a5 (l,23,4,5) +/ a2a4C Dl aiTO (l,24,3,5) 
+ /, 



02O5C- 1 



j/oicascu (1> 25> 3 4) + f^^"*** (1) 2> 34> 5) 



1 f 7^/(21(22024 
T }030 S C^i 



(l,2,35,4)+/ a4a5C D^ ia2a3C 



(1,2,3,45)} 



(B.ll) 



We have directly written these two parts in terms of the adjoint amplitudes B 2 . For the 
fermionic part we have in particular B^ 5 = 2N C RD^ and B^ 5 = 2N c RD I b . Inserting then 
eq. (B.9) into the integral equation (B.7) and invoking the integral equation for D5 treated 
in [9] we obtain a new integral equation for the additional part Bsdir, 



5 

i=i 



^(21(22(23(24(25 



^,0102030405 
*(5;0) dir 



+ K^ {a} B 6l d 6 f 36465 . 



,61626364 

^4dir 



(B.12) 
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We recall that the inhomogeneous term B( 5;0 ) dir reggeizes and is a superposition of ampli- 
tudes ID>(4 ; o)dir °f the form (3.34). Therefore the structure of this equation coincides with 
that of the integral equations for B3 and D\. It can be solved employing a known identity 
involving the integral kernels i^2^2 and lf2->3- In terms of the diagrams of (4.11) this 
identity can be written as 



+ 



S + 7^ + ^ + ^' (B13) 



where the unaffected gluons are not drawn. The vertices in which two lines merge into 
one, drawn here with a small full dot, indicate that the two lower gluons merge into the 
upper one with a color factor f a t, c and in such a way that their transverse momenta are 
added. The arrows on the top of the diagrams indicate that the identity holds for gluons 
in amplitudes that are symmetric under the exchange of this pair of gluons (or symmetric 
under the exchange of any pair of gluons). This is the case for the amplitude ID>4dir as we 
have discussed above. For a more detailed description of the application of the identity 
(B.13) to completely analogous situations we refer the reader to [9] or [41]. In this way one 
finds the solution of eq. (B.12) to have the form 



D^ r 2a3a4a5 (k 1 ,k 2 ,k 3 ,k 4 ,k 5 ) 

= f {/ ai a 2C B™ a5 (12, 3, 4, 5) + fa^cKIiT 5 (13, 2, 4, 5) 
+ / ai a 4 cO™ a5 (14,2,3,5) +/ aia5C D™ a4 (15,2,3,4) 
+ /a 2 a 3C ^dir 5 (l'23,4,5) +/ a2a4C BX 3a5 (l,24,3,5) 
+ WB™ 4 (1,25, 3, 4) +/ a3a4C B^ r 2Ca5 (l,2,34,5) 
+ /a 3 a 5C BX Ca4 (l>2,35,4) +/ a4a5C BX a3C (l>2,3,45)} . (B.14) 



One immediately recognizes that this amplitudes again exhibits reggeization. It is a su- 
perposition of the four-gluon amplitudes B4di r , and in each term of the superposition two 
gluons in a color octet combine to form a more composite reggeized gluon that enters the 
amplitude B4di r - The sum over all possible pairs of this kind gives the additional part of 
the full five-gluon amplitude O5. One can easily check from eq. (B.14) that this expression 
satisfies the Ward-type identities of [56], and hence all parts of the amplitude B5 share 
that property. 

In summary, we have solved the integral equation (B.7) for the five-gluon amplitude 
B5 and have expressed the solution in terms of the lower amplitudes B2, B 4 and B 4( ji r - 
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Diagrammatically, the solution has the form 




(B.15) 



A 

The first two terms are multiples of the amplitudes known from the case of QCD with 
fundamental quarks. The last terms is an additional term that exhibits exactly the fea- 
tures expected from the picture of the effective field theory structure discussed above, 
in particular it reggeizes exactly as expected and fulfills the Ward- type identities of [56]. 
Hence we find that the five-gluon amplitude precisely meets our expectations based on that 
underlying picture. 

C. Some remarks on the six-gluon amplitude 

In this appendix we want to consider some aspects of the six-gluon amplitude Oq in the 
EGLLA for J\f = SYM. Our motivation is that it would obviously be interesting to see 
whether and how the field theory structure found above in the amplitudes B n forn < 5 
continues in the amplitudes with more than five gluons. Already in QCD with fundamental 
quarks the six-gluon amplitude involves some additional complication, see the discussion in 
[9] . A full analysis of the six-gluon is beyond the scope of the present paper and is left for 
future work. It might be particularly interesting to find out whether another new element 
of the effective field theory emerges that would couple six gluons directly to the adjoint 
quark loop - in analogy to the element lD(4 ; o)add with four gluons found above. From 
the results obtained here the picture emerges that in general (that is for arbitrary n) the 
amplitudes O n always contain a multiple of the amplitudes D n with fundamental quarks 
plus additional new terms. Those latter contain on the one hand terms originating from 
the scalar contribution to the impact factor, and their structure concerning reggeization is 
very similar to that observed in the terms coming from the fermionic impact factor. On 
the other hand, there are new terms, for example the one coupling four gluons directly to 
the impact factor. 

Although we do not make an attempt here to solve the whole six-gluon amplitude we 
can rather easily make an interesting observation concerning Dg which in fact confirms 
that expectation. Namely, one finds that similarly to the case of the lower amplitudes the 
terms known from the corresponding amplitude Dq of QCD with fundamental fermions are 
reproduced (again up to a normalization factor) together with their scalar counterparts, 
and additional terms are generated. In particular, the same transition from two to six 
gluons via the vertex Vi— »6 computed in [9] (containing both a coupling of a Pomeron to 
two Odderons and a transition from one to three Pomerons) occurs again in the amplitude 
D 6 . 
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The diagrams with six gluons coupling to the fermion or scalar loop give rise to a color 
tensor of the type 



^ ^rparpbrj-iCrj-idrperpf^ _j_ ^ ^rji f rperpdrj-tCr^tbrpa "j 2 tr ^^ ar J^^'J~'Crj-idrperj-if'^ 

= ^fkalflbmfmcnfndofoepfpfk (C-l) 



instead of the tensor 



d abcdef = tr ( t a t b t c t d t e t fj + ^ ^f^df^ ^ ^ 



obtained for quarks in the fundamental representation. We can therefore obtain the adjoint 
fermion impact factor Oir(6;0) from the known expression for the fundamental impact factor 
-D( 6;0 ) (see [9]), by replacing the color tensors of type (C.2) in this expression by the 
corresponding color tensors of type (C.l), besides decorating it with the usual factor R 
accounting for the different numbers of fermionic degrees of freedom running around the 
loop. But now one has [9] 



f half Ibmf men fndofoepfpf k — N c d ^ 

- \(5abd cdef + 5 ac d bd£ f + 5 ad d bc£ f + 5 ae d bcd f 

+ 5 af d bcde + d adef 5 bc + d acef 5 bd + d acdf 5 be 
+ d acde 5 bf + d abef 5 cd + d abdf 5 ce + d abde 5 cf 
+ d abc f5 de + d abce 5 df + d abcd 5 ef ) 

+ g[(d a bcd de f + fabefdef) + (d abd d ce f + f ab dfcef) 
+ (dabededf + fabefedf) + (d a bfd c de + fabffede) 
+ (daeddbef + facdfbef) + (d a ced bd f + facefbdf) 
+ (dacfdbde + faeffbde) + (d ade d bc f + fade f be f) 
+ (dadfdbce + fadffbee) + (d ae fd bcd + faeffbed)] (C3) 

= - N c d abcdef + e abcdef , (C.4) 

where the last equation defines the tensor Q abcde f . Therefore inserting the color tensors of 
type (C.l) one naturally obtains two contributions to the fermion impact factor B_f,(6;0)> 



4asa6 (ki, k 2 , k 3 , k 4 , k 5 , k 6 ) = 2N c RD^ a:ia ^ (ki, k 2 , k 3 , k 4 , k 5 , k 6 ) 

+ ^(6;o)dr a5a6 ( k i> k 2> k 3> k 4 , k 5 , k 6 ) (C.5) 
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where 

D™ a ^a 6 (ki) k3 ks kg) = 

= <? 4 K 1( ~~ [D (2;0) (12345, 6) +D (2;0 ) (1,23456) - D (2 . 0) (16,2345)] 
+ d a20ia9 ° 4 ° BOa [D {2 . 0) (13456, 2) - Z) (2;0) (1345, 26) +15(2.0) (126, 345) 

-D (2;0 ) (12, 3456)] 
+ ^™ 4 a 6 a 5 [D (2;0) (12346,5) - £> (2 . )(1234, 56) + D (2 . 0) (156, 234) 

-D (2;0 )(15,2346)] 
+ d a 2 a 1 a 3 a i a ( ,a 5 [_£, (2;0) ( 1256 , 34) - £> (2;0 ) (1346, 25) + L> (2;0) (125, 346) 

+D (2;0) (134, 256)] 
+ d a ^ a ^ [D m (12456, 3) - D m (1245, 36) + D {2 . 0) (136, 245) 

-D (2;0 )(13,2456)] 
+ ef ia2a ~a 4 [D m (12356, 4) - £> (2 . 0) (1235, 46) + D (2;0) (146, 235) 

-.0(2.0) (14, 2356)] 
+ d a2aia3a5aea4 [-£>( 2;0 )(1246,35) - D( 2; o)(1356,24) + D (2;0) (124, 356) 

+D(2 ;0 )(135,246)] 
+ d a ia2 a3a 6 a 5 a 4 [_£, (2;0) (i 23 6, 45) - D (2;0) (1456, 23) + £> (2;0 ) (123, 456) 

+D(2 ;0 )(145,236)]} (C.6) 

Consequently, the first term on the r.h.s. of eq. (C.5) can again be expressed as a sum of 
two-gluon impact factors B'f,(2;0) = 2N C RD( 20 )- A similar expression can be obtained for 
the scalar impact factor Bs 5 (6 ; o)- 

The first contribution in eq. (C.5), arising from the first term in the decomposition eq. 
(C.4) of the adjoint color tensors, is just a multiple of the known six-gluon impact factor 
in the fundamental representation. The second contribution arises from the 6-tensors in 
(C.4) (as defined in (C.3) when inserting (C.l) for the d-tensors in (C.6)). It would be 
straightforward to write out the new additional term explicitly. As we have pointed out 
before it would be interesting to study in detail its relation to the new element D,F,(4;0)dir 
found there. This, however, is beyond the scope of the present paper. Here we restrict 
ourselves to the important finding that also the adjoint impact factor with six gluons is 
similar to those with four and five gluons: it reproduces as one of its contributions a multiple 
of the fundamental impact factor and in addition contains a new part that occurs only if 
the fermions are taken in the adjoint representation. A similar additional contribution is 
obtained from the adjoint scalars in the impact factor. 

Inserting this result for B_F,(6;0)dir (and the analogous scalar part) in the integral equa- 
tion for the full amplitude ©6 we easily recognize that also the full amplitude consists of 
two parts, one of which is a multiple of the full six-gluon amplitude Dq with fundamental 
quarks (together with its scalar counterpart) and hence inherits the conformal field theory 
structure found in that amplitude. In particular, this part contains exactly the same tran- 
sition vertex from two to six gluons found in [9]. The structure of the other part remains 
to be investigated. 
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